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ABSTRACT
A model of kinematic work hardening based on Frederick and Armstrong
(1966), Phillips and Weng (1975), Chaboche (1979), and Voyiadjis and
Basuroychowdhury (1998) is proposed for metal like behavior materials. In this
proposed model, ratcheting is taken into account through the observation of the
backstress evolution equation, modified by the addition of a new term, βσ& ij .
Experimental observations made by Phillips and Lee (1979) showed that the direction
of the movement of the center of the yield surface occurs in between the stress rate
tensor σ& ij and the plastic strain rate tensor ε&ij′′ directions. The new term, added to
Chaboche model (1979), will account for these experimental observation. The model is
tested for uniaxial monotonic, cyclic loadings, and for ratcheting prediction. The results
obtained are analyzed and compared to existing hardening models and experimental
results.
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CHAPTER 1
INTRODUCTION
Prager (1956) proposed a model to predict the translation of the yield surface for
metal like behavior materials. In his model, the plastic modulus calculation is coupled
with its kinematic hardening rule through the yield surface consistency condition f& = 0 .
Many other models were proposed since then in order to describe the plastic
behavior of the same class of materials. They are discussed in Chapter 3. These models
are referred to as coupled models. The definition of some of the terms common to all
these coupled models is discussed herein.
1.1 Introduction to Relevant Terms
The adjective “plastic” comes from a Greek word, “to shape”. It is largely
observed from experimental observations of metal alloys that shape changes occur in
the plastic shaping process. They are primarily caused by distortions, having little, if
any, influence of the mean pressure (volume changes). In the case of metals, the
deviatoric components of the stresses produced in the interior of a body are mainly
responsible for the shape changes.
In plasticity it is convenient to split the stress tensor into two parts, one called
the spherical stress tensor and the other the stress deviator tensor. The spherical stress
tensor Pij is the tensor whose elements are given by σ mδ ij , where σ m is the mean
stress, i.e.,
0
σ m 0

Pij = σ mδ ij = 0 σ m 0 


 0
0 σ m 

1

1
1
1
and σ m = (σ 1 + σ 2 + σ 3 ) = (σ x + σ y + σ z ) = I1 . Since σ m is the same in all
3
3
3
directions, it can be considered to act as a hydrostatic stress.
From experimental observations of metal alloys, it is shown that the mean,
hydrostatic, or spherical pressure on the process of shape changing is negligible.
Therefore, in plastic flow considerations, one considers only the difference between the
stress tensor and the spherical stress tensor. This is termed the stress deviator tensor,
given by Sij , where
σ x − σ m
τ xy
τ xz 


Sij = σ ij − Pij = σ ij − σ mδ ij =  τ yx
σ y −σ m
τ yz 
 τ zx
τ zy
σ z − σ m 


Since plasticity is the study of materials under stresses exceeding the yielding point, one
needs to understand the concept of yield surface for a more expanded view of the
subject.
The yield surface is defined in the stress space as the separator convex surface
between elastic and plastic regions. Any point within the region will cause no
permanent deformation upon unloading. No points are considered outside the surface,
but inside and on it only.
When a point is considered on the surface, three different conditions are possible
to occur: unloading, neutral loading, and loading. If unloading, the state of stress will go
back into the surface again, causing it to move back to the elastic domain. In this
condition, plasticity will not occur. If neutral loading occurs, the state of stress will
move on the yield surface, causing no plasticity to occur. We are mainly concentrating
on hardening plasticity models in this work.
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If loading occurs, the state of stress moves outwards from the yield surface and
plasticity occurs. In this case, after plasticity occurs, two kinds of hardening types might
occur: isotropic and kinematic hardening.
The isotropic hardening accounts for the change in size of the yield surface. For
instance, if one loads a specimen in uniaxial tension beyond the yield stress (see figures
1.1 and 1.2), then unloads and reloads it in uniaxial compression, the new yield stress in
compression will be equal in magnitude to the new yield stress in tension, that is, the
yield surface has expanded.
The kinematic hardening, on the other hand, accounts for the translation of the
yield surface in the deviatoric stress space (see figures 1.3 and 1.4). For instance, if one
loads a specimen beyond the yield stress in uniaxial tension, then unloads and reloads it
in uniaxial compression, the new yield stress point in compression is going to be
smaller in magnitude than the original one. This is known as Bauschinger effect. This
type of hardening causes plastic anisotropy in the material behavior.
The definition of ratcheting is imperative to the definition of isotropic and
kinematic hardening. Ratcheting is the accumulation of the plastic strain cycle-by-cycle
for some stress amplitude with a non-zero mean stress. As loading is repeated, each
consecutive hysteresis loop will displace forward in a demanding rate due to the failure
of complete closure of each loop.
With the understanding of the above-mentioned definitions, one is capable to
also understand the modeling schemes discussed and presented in this work, for which
motivation and objectives are presented in the next chapter.
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CHAPTER 2
OBJECTIVE AND SCOPE
The goal of this work is to account for cycle-by-cycle accumulation of
permanent deformation (ratcheting), while illustrating the plastic response of class M
(material like behavior) materials under monotonic and cyclic loadings, by using the
backstress variable.
The uniqueness of this time-independent proposed model is accomplished
through the introduction of a new term to the backstress evolution equation proposed by
Frederick and Armstrong (1966), Phillips and Weng (1975), Chaboche (1979), and
Voyiadjis and Basuroychowdhury (1998). This new term is a function of the stress
increment and is used to define the direction of the yield surface.
Before deriving the equations of the proposed model, this work presents the
definition of some of the most relevant terms encountered in the study of nonlinear
behavior of metals that are directly related to this study. It also briefly discusses, some
of the most distinct hardening models.
Following the discussion of these models, the detailed mathematical formulation
in reference to the proposed model is presented along with the experiments performed
and results obtained. Finally, the work leads to a discussion of the proposed model and
then concludes with its comparison to other models.
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CHAPTER 3
DESCRIPTION OF EXISTING HARDENING MODELS
The proposed model makes a better prediction of the behavior of class M
materials in the plastic domain as compared to the existing models. In order to
appreciate the advantages of the proposed model, it is important to understand some of
the existing models, along with their advantages and shortcomings.
3.1 Prager Rule

Introduced by Prager (1956), this model describes the translation of the yield
surface. According to this model, the simulation of plastic response of materials is
linearly related with the plastic strain. The equation proposed by Prager to describe the
evolution of the back-stress is α& ij = cε&ij′′ , where c is a constant derived from a simple
monotonic uniaxial curve and ε&ij′′ is the rate of effective plastic strain.
3.2 Armstrong and Frederick

Proposed by Armstrong and Frederick (1966), this model simulates the
multiaxial Bauschinger effect (movement of the yield surface in the stress space). When
compared to the previously existing models, this one predicts Bauschinger effect where
intuitively one would be expected, for example, the uniaxial cyclic loading test.
When compared to experimental results, Armstrong Frederick predictions were
more accurate than Prager’s and Mises’ models for cyclic axial loading and torsiontension of a thin tube tests on annealed copper.
This model also proposed some advancement in terms of simplicity for
computer programs. Although the subroutine for calculating strain increments from
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stress and stress increments were more complex than the ones for Prager Model,
however, there was improvement in results and better correlation with experiments.
Armstrong and Frederick model (1966) is based on the assumption that the most
recent part of the strain history of a material dictates the mechanical behavior. Its
kinematic hardening rule was predicted by the expression
2
α&ij = C1ε&ij′′ − C2αij p&
3
where p& is the accumulated plastic strain rate given as p& =

2
ε&ij′′ε&ij′′ . The constants C1
3

and C2 are determined from uniaxial tests.
3.3 Wang and Ohno

Proposed by Wang and Ohno (1991), this model is based on the non-linear
kinematic hardening rule of Armstrong and Frederick (1966). It demonstrates the effect
of two terms, temperature rate and reliable translation, on two forms of non-linear
kinematic hardening, multisurface and multicomponent. The study shows that in the
case of multisurface form, the omission of the temperature rate terms leads to unstable
deformation. This unstable deformation occurs due to intersection of the surfaces. The
relative translation term is the Mroz type (1967) supplemented with the temperature rate
term. The omission of this term may also lead to the intersection of surfaces, even if the
temperature rate term is considered. The effects of ignoring these terms are, however,
small.
Similarly, the omission of the temperature rate term in the multicomponent form
leads to unstable deformation. However, in this case, the deformation is due to the
breaking down of the bounding condition α j , where α j are the components of the
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backstress. The effect of the relative translation term on the multi-component form was
not discussed in this model.
The omission of the temperature rate term results in shifting of the hysterisis
loop along the stress axis in both the forms. The omission of the relative translation
term has little or no influence on the two forms.
This model can predict much lesser accumulation of uniaxial and multiaxial
ratcheting than the Armstrong and Frederick (1966).
Ohno and Wang (1993) also proposed a kinematic hardening model based on the
critical state of dynamic recovery. In this work, the kinematic hardening variables are
decomposed into components to examine the relation for the ratcheting behavior. Each
component is assumed to have a critical state, after which its dynamic recovery is fully
activated. The two models are described below.
In model I, the dynamic recovery of α i is assumed to be fully activated when its
magnitude reaches a critical value. This critical state of dynamic recovery by a surface
is represented by
fi = α i − ri 2 = 0
2

where αi is the magnitude of backstress, and ri is a material parameter.
The study shows that under uniaxial tensile loading, when the magnitude of the
backstress become equal to the material parameter, αi = ri , the dynamic recovery term
gets activated and becomes equal to the hardening term, making the increment of
backstress zero. The backstress evolution equation is given by

α
2
α& i = hi ε&ij′′ − H ( f i )λ&i i
ri
3
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When αi = ri , then one obtains
α
2
hiε&ij′′ = H ( f i )λ&i i , resulting α& i = 0 .
ri
3
In model II, the dynamic recovery term gets activated as the magnitude of
backstress, α i , approaches the material parameter, ri . This gives rise to a nonlinear
evolution of α i .
In the case of multiaxial loading, models I and II express stronger resistance in
ratcheting deformation as compared to the Armstrong and Frederick (1966) model.
The above comparisons suggest that models I and II predict much lesser
accumulation of uniaxial and multiaxial ratcheting strains that the A-F model. Models I
and II are also compared to the multilayer and multisurface models. Model I is found to
be similar to the multilayer model. When the two models are transformed to
multisurface forms, they are found to be different from the Mroz model (1967). The two
models are later verified by applying them to simulate uniaxial and multiaxial ratcheting
experiments performed by Tanaka et al. (1991) and by Lamba and Sidebottom (1978),
where consistent results were obtained.
3.4 Chaboche
Proposed by Chaboche and his co-workers (1979, 1991), this model is based on
a decomposition of non-linear kinematic hardening rule proposed by Armstrong and
Frederick. This decomposition is mainly significant in better describing the three critical
segments of a stable hysterisis curve. These three segments are:
1. the initial modulus when yielding starts,
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2. the nonlinear transition of the hysterisis curve after yielding starts until
the curve becomes linear again,
3. the linear segment of the curve in the range of higher strain.
To improve the ratcheting prediction in the hysterisis loop, Chaboche et al.
(1979), initially proposed three decompositions of the kinematic hardening rule,
corresponding to the above three segments of the hysterisis curve. Using this
decomposition, the ratcheting prediction improved as compared to the A-F model.
In the same work, Chaboche (1986) analyzed three models to describe kinematic
hardening behavior. The first model that was studied uses independent multiyield
surfaces as proposed by Mroz (1967). This model is useful in generalizing the linear
kinematic hardening rule. It also enables the description of:
!

the nonlinearity of stress-strain loops, under cyclically stable conditions,

!

the Bauschinger effect, and

!

the cyclic hardening and softening of materials with asymptotic plastic
shakedown.

The shortcoming of this model is its inability to describe ratcheting under asymmetric
loading conditions.
The second type of models used only two surfaces, namely the yield and the
bounding surfaces, to describe the material. The Dafalias-Popov (1976) model was
chosen under this category, as it shows the following differences against the Mroz
(1967) model:
!

It uses two surfaces whereas Mroz (1967) uses a large number of
surfaces
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!

In terms of the general transition rule for the yield surface, the Mroz
formulation had an advantage over this model

!

This model gives a function to describe a continuous variation of the
plastic models, thus enabling description of a smooth elastic-plastic
transition.

In the Mroz (1967) model, the number of variables needed for the description of
ratcheting is very high and for cyclic stabilized conditions no ratcheting occurs. In the
two-surface model, the updating procedure to describe a smooth elastic-plastic
transition and simulate ratcheting effects leads to inconsistencies under complex loading
conditions.
The nonlinear kinematic hardening rule is an intermediate approach of the
models that uses differential equations that govern the kinematic variables. The varying
hardening modulus can be derived directly based on these equations, whereas in the
case of the Mroz (1967) model, non-linearity of kinematic hardening was introduced by
the field of hardening moduli associated with several concentric surfaces. In the case of
the Dafalias and Popov (1976) model, it was done by continuously varying the
hardening modulus, from which the translation rule of the yield surface is deduced.
It was later found that this model tends to greatly over-predict ratcheting in the
case of normal monotonic and reverse cyclic conditions. To overcome these pitfalls,
Chaboche (1991) introduced a fourth decomposition of the kinematic hardening rule
based on a threshold. This fourth rule simulates a constant linear hardening with in a
threshold value and becomes nonlinear beyond this value. With the use of this fourth
decomposition, the over-prediction of ratcheting is reduced and there is an improvement
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in the hysterisis curve. This is because, with in the threshold, the recall term is ignored
and linear hardening occurs as it did without the fourth rule. Beyond the threshold the
recall term makes the hardening non-linear again and reduces the ratcheting at a higher
rate to avoid over-prediction.
3.5 Voyiadjis and Kattan
Voyiadjis and Kattan (1990) proposed a cyclic theory of plasticity for finite
deformation in the Eulerian reference system. A new kinematic hardening rule is
proposed, based on the experimental observations made by Phillips et al. (1973, 1974,
11979, 1985). This model is shown to be more in line with experimental observations
than the Tseng-Lee model (1983), which is obtained as a special case.
Voyiadjis and Kattan model uses the minimum distance between the yield
surface and the bounding surface as a key parameter. Once this distance reaches a
critical value, the direction of motion of the yield surface in the vicinity on the bounding
surface is changed and the Tseng-Lee model (1983) is used to ensure tangency of the
two surfaces at the stress point.
This model predicts a curved path for the motion of the yield surface in the
interior of the bounding surface. On the other hand, Tseng-Lee (1983) assumes that the
center of the yield surface moves in a straight line. Voyiadjis and Kattan model has
been proven to give good results that conform to experimental observations.
3.6 Voyiadjis and Sivakumar
A robust kinematic hardening rule is proposed by Voyiadjis and Sivakumar
(1991,1994) to appropriately blend the deviatoric stress rate rule and the Tseng-Lee rule
in order to satisfy both the experimental observations made by Phillips et al. (1974,
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1975, 1977, 1979, 1985) and the nesting of the yield surface to the limit surface. In this
model, and additional parameter is introduced to reflect the dependency of the plastic
modulus on the angle between the deviatoric stress rate tensor and the direction of the
limit backstress relative to the yield backstress.
This model was tested for uniaxial (or proportional) and non-proportional
(multiaxial) loading conditions. The results obtained were than compared with
experimental results, and their correlation was proven to be very accurate.
3.7 Voyiadjis and Basuroychowdhary
Voyiadjis and Basuroychowdhary (1998) proposed a two-surface plasticity
model using a nonlinear kinematic hardening rule to predict the non-linear behavior of
metals under monotonic and non-proportional loadings. The model is based on
Frederick and Armstrong (1966), Chaboche (1989, 1991), Voyiadjis and Kattan, and
Voyiadjis and Sivakumar (1991, 1994) models. The stress rate is incorporated in the
evaluation equation of back-stress through the addition of a new term. The new term
creates an influence of the stress rate on the movement of the yield surface, as proposed
by Phillips et al. (1974, 1975). The evolution equation of backstress is given as four
components of the type NLK-T (Non-Linear Kinematic with Threshold)
2
3

α&i = Ciε&ij′′ − γ iα i p& +

lδ
βi
m

(1)

where l is the direction of the stress rate, l =

σ&
, and βi is a material parameter. m is
σ&

the cord of the bounding surface along the direction of loading and δ is the distance
from the stress point on the yield surface to the bounding surface in the direction of the
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stress rate tensor. However, this equation is not homogeneous in time and creates a
stress rate dependency.
When analyzed for monotonic and cyclic tension loadings on 316 stainless steel,
this model was better correlated with the experimental results than the NLK-T model
proposed by Chaboche (1991).
This proposed model was also tested for non-proportional loading for plastic
strain controlled cyclic tests with a combined axial force and torque for thin-walled
tubular specimens of 60/40 brass. The results obtained were very close to the
experimental values by Shiratori et al. (1979). When tested for proportional and nonproportional ratcheting, the results were very similar to the experiments, although the
decrease in the strain accumulation does not decrease as fast as in the experimental
results.
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CHAPTER 4
THEORETICAL FORMULATION
4.1 Introduction
In order to better describe the behavior of a work-hardening material, one needs
to use an initial yielding condition, a flow rule, and a hardening rule. The function of
the initial hardening rule is to specify the state of stress for which plasticity will first
occur. The flow rule is the necessary kinematic assumption postulated for plastic
deformation; it gives the ratio or the relative magnitude of the components of the plastic
strain increment tensor ε&ij′′ and also defines its direction in the strain space. The
hardening rule specifies the modification of the yield condition in the course of plastic
flow.
4.2 Yield Condition
The yield condition is represented by a convex surface in the stress space. A
stress space is established by using stress magnitude as the measure of distance along
the coordinate axis. Every point in this space represents a state of stress, whose position
vector may be decomposed into two components to predict the existence of plasticity.
In the case of perfect plastic materials, this surface will remain unchanged after the
yield stress is reached. However, if the material under consideration strain-hardens, the
yield surface will change in accordance with the hardening rule for values of stress
beyond the initial yield point, where the yield point will rise to the new value of the
stress state in the work-hardened material.
Considering F (σ ij ) as a loading function which represents the load being

applied, k as a yield function which depends on the complete previous stress and strain
18

history of the material and its strain hardening properties, and considering that the yield
occurs whenever F becomes equal to the constant k, we can define the following yield
condition such as
F (σ ij ) = k .

(2)

Considering that the material for which the relation above is applied strain-hardens,
three cases of behavior of the material can be observed. In all three, the state of stress is
on the yield surface ( F = k ) . The three cases are described below.
Case 1:
This case establishes a loading condition represented by the following equation:
dF =

∂F
σ& ij > 0
∂σ ij

(3)

The condition dF > 0 indicates that the state of stress is “moving out” from the yield
surface and the plastic domain has been reached. An illustration is given in figure 4.1.
Case 2:
This case establishes a condition represented by the following equation:
dF =

∂F
σ& ij = 0
∂σ ij

(4)

As illustrated in figure 4.2, the condition dF = 0 indicates that the state of stress is
“moving on” the yield surface, thus characterizing neutral loading.

Case 3:
This case establishes an unloading condition represented by the following
equation:
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dF =

∂F
σ& ij < 0
∂σ ij

(5)

∂F
∂σ ij
σ&ij
τ2

τ

X

τ1
Fig. 4.1: Loading Condition
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∂F
∂σ ij
σ&ij
τ2

τ

X

τ1
Fig. 4.2: Neutral Loading Condition
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∂F
∂σ ij
τ2

σ&ij

τ

X

τ1
Fig. 4.3: Unloading Condition
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The condition dF < 0 indicates that the state of stress is “moving in” to the yield
surface, going back to the elastic domain. Figure 4.3 shows an illustration of that.
For perfectly plastic materials, plastic flow occurs when F = k and dF = 0 . The
condition dF > 0 does not exist.
Since it is difficult to determine the exact locus of the yield surface, many yield
criteria have been proposed. The most commonly used type of surfaces is the von Mises
kind, where two state variables are used: the kinematic and the isotropic hardening
variables. The kinematic variable accounts for the translation of the yield surface, while
the isotropic variable accounts for its change in size or expansion. In metals it is more
appropriate to define the von Mises yield surface in the deviatoric stress, whereas the
hydrostatic stress has no effect on the plastic deformation.
In this work, the von Mises type is defined as follows
f =

3
(τ ij − α ij )(τ ij − α ij ) − σ y − R = 0
2

(6)

where τ ij are the deviatoric components of the stress tensor σ ij , α ij is the tensor which
defines the center of the yield surface, σ y is the initial yield point, and R is the
isotropic hardening variable.
4.3 Flow Rule

As mentioned before, the flow rule gives the ratio or relative magnitude of the
components of the plastic strain increment tensor ε&ij′′ , as well as defines its
corresponding direction in the strain space.
Since ε ij′′ has unlimited magnitude during flow, one must concentrate on finding
the infinitesimal changes of the strain tensor, or strain increments ε&ij . The total strain
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increment tensor is assumed to be the sum of the elastic and plastic strain increment
tensors such as

ε&ij = ε&ij′ + ε&ij′′ .

(7)

Since the relations between changes of stress and elastic strain increments are
easily calculated, the stress-strain relation for a material, which has undergone plastic
deformation, primarily depends on its current state of stress and on the relation between
changes of stress and plastic strain.
The elastic strain can be derived by differentiating the elastic potential function
(or complementary energy density function) with respect to stresses σ ij . Von Mises
(1928) proposed a similar concept of the plastic potential function g (σ ij ) , which is a
scalar function of the stresses. This function defines a surface of plastic potential in a
nine-dimensional stress state. The plastic flow equations can be written as

ε&ij′′ = Λ&

∂g
∂σ ij

(8)

where Λ& is a positive scalar factor of proportionality, which is zero in the elastic
domain. This relation implies that the plastic flow vector ε&ij′′ , if plotted as a free vector
in the stress space, is directed along the normal to the surface of plastic potential. For a
so-called stable plastic material, the function g (σ ij ) exists and is identical to the yield
function. This condition defines an associated flow rule, where f = g , thus called
because the plastic flow is associated with the yield criterion. Thus,

ε&ij′′ = Λ&

∂f
∂σ ij

(9)

and the plastic flow develops along the normal to the yield surface.
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4.4 Hardening Rule

After the elastic limit is reached, the state of stress lies on the yield surface. If
loading continues, hardening can be manifested in one of these two forms(or both):
isotropic and kinematic. Isotropic hardening accounts for the expansion of the yield
surface and kinematic hardening accounts for its translation in the deviatoric stress
space.
In this proposed model, the evolution of isotropic hardening is defined as by
Chaboche (1991) by the expression
R& = b [Q − R ] p&

(10)

where
Q=Q µ + ( Q0 − Qµ ) e

−2 µ q

and

q=

ε&ij′′
2

(11)

4.5 Constitutive Model

In this work, the yield criterion is given by equation (6). The backstress
evolution is predicted by the equation
2

α& ij = cε&ij′′ − γα ij p& + βσ& ij
3

(12)

where

p& =

2
ε&ij′′ ε&ij′′
3

(13)

The flow rule is defined by equation (9). Applying the consistency condition to
the yield criterion, one obtains

∂f
∂f
∂f &
τ&ij +
α& ij +
f& ≡
R=0
∂τ ij
∂α ij
∂R

(14)
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Differentiating the yield criterion function with respect to the deviatoric stress, one gets,

∂f
∂τ ij

(

3 τ ij − α ij

=

3

2

2

)
(15a)

(τ ij − α ij )(τ ij − α ij )

but

∂f

α ij

=−

∂f
(15b)

τ ij

and

∂f
∂R

= −1

(15c)

Substituting equations (15) into equation (14) one obtains

∂f
∂τ ij

(τ&

ij

− α&ij ) − R& = 0

(16)

Making use of the following elasticity relation

σ&ij = Eijklε&kl = Eijkl ( ε&kl − ε&kl′′ )
'

(17)

and substituting in (16) one obtains

E ( ε& − ε&′′ ) −  2 cε&′′ − γα p& + βσ&  − b ( Q − R) p& = 0
 ij
ijkl
kl
kl
ij
ij 
σ ij 
3

∂f

(18)

where
p& =

2
3

ε&ij′′ε&ij′′ =

2 & ∂f & ∂f
& 2 ∂f ∂f
Λ
Λ
=Λ
3 ∂σ ij ∂σ ij
3 ∂σ ij ∂σ ij

Substituting equation (19) into equation (18) one obtains
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(19)

∂f 


∂f
2 & ∂f
& 2 ∂f ∂f − β E  ε& − Λ
& ∂f 
− cΛ
+ γαij Λ
 Eijkl ε&kl − Eijkl Λ&

ijkl  kl
∂σ kl 3 ∂σ kl
∂σ kl 
σ ij 
3 ∂σ ij ∂σ ij

& 2 ∂f ∂f = 0
−b ( Q − R) Λ
3 ∂σ ab ∂σ ab

(20)

or

∂f

σ ij
−β

Eijkl ε&kl −

∂f

σij

&
Eijkl Λ

∂f

2 ∂f & ∂f
∂f
2 ∂f ∂f
αij Λ&
− c
Λ
+γ
∂σ kl 3 ∂σ ij ∂σij
∂σ ij
3 ∂σij ∂σij

∂f 

& ∂f  − b ( Q − R) Λ
& 2 ∂f ∂f = 0
Eijkl ε&kl − Eijkl Λ


∂σij 
∂σ kl 
3 ∂σ ab ∂σ ab

(21)

or

 ∂f
 &  ∂f
∂f
2 ∂f ∂f
2 ∂f ∂f
∂f
∂f
Eijkl − β
Eijkl  = Λ
ε&kl 
αij
Eijkl
+ c
−γ

 ∂σ ij
∂σ ij
3 ∂σ ij ∂σ ij
∂σ kl 3 ∂σ ij ∂σ ij
∂σ ij
 ∂σ ij


−β

∂f
∂f
& 2 ∂f ∂f
Eijkl
+ b (Q − R ) Λ
3 ∂σ ab ∂σ ab
∂σ ij
∂σ kl





(22)

or
ε&kl Eijkl

∂f
∂σ ij



(1 − β ) = Λ&  Eijkl

+b( Q − R)



2 ∂f ∂f
3 ∂σ ab ∂σ ab

∂f ∂f
∂f
2 ∂f ∂f
2 ∂f ∂f
αij
−γ
(1− β ) + c
∂σ ij ∂σ kl
∂σij
3 ∂σ ij ∂σij
3 ∂σ ij ∂σ ij





(23)

27

Thus, the constant A is evaluated as shown below

A = Eijkl

∂f

∂f

∂σ ij ∂σ kl

(1 − β ) +

2 ∂f

+b ( Q − R)

2

c

∂f

∂f

3 ∂σ ij ∂σ ij

−γ

∂f
∂σ ij

αij

2 ∂f

∂f

3 ∂σ ab ∂σ ab

∂f

3 ∂σ mn ∂σ mn

(24)

and

& = 1 ∂f E ε& (1 − β )
Λ
ijkl kl
A ∂σ ij

(25)

Substituting equations (9) and (25) into (17) one obtains,



σ& ij = Eijkl  ε&kl − Λ&





1



A

=  Eijkl −

Eijkl


1 ∂f
∂f 
= Eijkl  ε&kl −
Eijkl ε&kl (1 − β )


∂σ kl 
A ∂σ ij
∂σ kl 

∂f 

∂f
∂σ ij

Eijkl (1 − β )

∂f 

 ε&kl
∂σ kl 

(26)

that can be written as

σ&ij = Dijkl ε&kl

(27)

where the elasto-plastic modulus is defined as
Dijkl = Eijkl −

1
A

Eijkl

∂f
∂σ ij

Eijkl (1 − β )

∂f
∂σ kl

(28)

The derivations above are then used to determine the movement of the yield
surface, here represented by the backstress. The elasto-plastic stiffness tensor (D) is
calculated based on the initial assumption of plastic modulus coupled with its kinematic
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hardening rule through the yield surface consistency condition as in the classical model
proposed by Prager (1956).
A computer program is developed to compute the model numerically in order to
calculate the backstress. The elasto-plastic stiffness tensor is used in the computer
program for incremental loading. By using increments of load, the total and plastic
strains are calculated for different values of stress. After these results are obtained, the
stress-strain curve for different types of loadings is plotted. The plots obtained from the
proposed model using the developed computer program are then analyzed and
compared with the experimental results and other existing coupled kinematic hardening
models.
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CHAPTER 5
IDENTIFICATION PROCEDURE OF THE MATERIAL
PARAMETERS
5.1- Identification Procedure
A new term is added to the evolution equation of the backstress of Armstrong
and Frederick (1966). This modified model conforms to the experimental observations
by Phillips et al. that show the motion of the center of the yield surface in the stress
space is directed between the gradient to the surface at the stress point and the stress
rate direction at that point. This modified backstress evolution equation is expressed by
equation (12), where C , γ , and β are material constants calibrated using available
experimental data and p& is the accumulated plastic strain rate, as defined by equation
(13).
An associative flow rule is assumed such that the plastic strain rate, ε&ij′′ , is given
by equation (8), where Λ& is a consistency multiplier and g is the plastic potential
function defined as

g= f +

k1
k σ& ij
αij αij − 2
αij
2
2 p&

(29)

k1 and k2 are material constants used to adjust the units of the equation and σij is the
Cauchy stress tensor, expressed as
σij = Eijkl ε′kl = Eijkl ( ε kl − ε′′kl )

(30)

where Eijkl is the forth-order elastic moduli tensor and ε′kl is the elastic strain
component.
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For small deformations the total strain εij consists of two parts: the elastic strain
part, ε′ij , and the plastic strain part, ε′′ij ; such that
εij = ε′ij + ε′′ij

(31)

The yield surface is of a von Mises type as given in equation (6), where σ y is
the initial size of the yield surface, τij is the deviatoric part of the Cauchy stress tensor,
and R is the isotropic hardening expressed as

R = bp

(32)

where b is a material parameter.
5.2- Identification of Backstress Evolution Equation Constants

Identification of the material constants associated with any proposed material
model is still one of the most challenging issues for researchers to obtain better
representation of their material models. The identification procedure for the material
constants involved in the described backstress evolution equation is based on available
experimental results. If limited test data are available, C , γ , and β can be based on the
stress-strain data obtained from the half cycle of uniaxial tension or compression
experiments. As an example of such test data is shown in Figure 1. This approach is
usually adequate when the simulation involves only a few cycles of loading.
Integration of the backstress evolution law, Eq. (13), over a half cycle of the
stress-strain data (Fig. 5.1), can be obtained by assuming that for each data point ( σi ,

ε′′i ) a value of α is obtained such that
α = σ − (σ y + R)

(33)
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σ

σ3 , ε3′′
σ1 , ε1′′

σ2 , ε′′2

σy + R

σy
α

o

αs =

2
C
3

+ βb
γ

ε′′

Fig. 5.1: Half Cycle of Stress-Strain Data Representing the Hardening
in the Nonlinear Kinematic Model
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From which the stress rate can be expressed as

σ& = α& + R&

(34)

R& = bp&

(35)

where

Utilizing Eqs. (13), (34) and (35), Eq. (12) can be rewritten as

d α = 3 Cd ε′′ − γαd ε′′ + β ( d α + bd ε′′ )
2

(36)

Rearranging the above equation and integrating over a half cycle of the stress strain data
yields the following expression

α = µ + ( α0 − µ ) e

−

γ
( ε′′−ε′′0 )
1−β

(37)

where

µ=

2
C
3

+ βb

(38)

γ

and the state ( ε′′0 , α0 ) results from the previous flow.
5.3- Determination of C , γ , and β by Nonlinear Regression Analysis

Using a finite set of points in the uniaxial backstress-plastic strain curve (Fig.
5.1) one can approximate the curve of the form shown in Eqs. (37) and (38). We use the
least-squares error approach. That is, we calculate C , γ , and β so that the curve passes
through the data such that the sum of squares of the vertical differences between the
curve and various data points is minimized.
Eqs. (37) and (38) are not directly amenable to a least-squares error fit because
the equation is not that of a straight line. However, we rearrange the equation in the
form
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 µ − α0 
γ
=
ln 
( ε′′ − ε′′0 )

 µ − α  1− β

(39)

With known values of µ , the least-squares error fit can be used to fit Eq. (39).
Close to the saturation point of the stress, α s (Fig. 5.1), the backstress increment tend to
zero. Thus, by substituting d α = 0 into Eq. (36), α is reduced to

α = αs =

2
3

C + βb
=µ
γ

(40)

Hence, Eq. (39) can be rewritten as
 α − α0 
γ
ln  s
( ε′′ − ε′′0 )
=
 αs − α  1 − β

(41)

Note that Eq. (41) is of the form
y=ax

(42)

where
 α − α0 
y = ln  s
,
α
−
α
 s


a=

γ
,
1− β

x = ( ε′′ − ε′′0 )

(43)

which is the equation of a straight line. That is, we have performed a linearizing
transformation. Thus, we can now apply a least-squares fit of the transformed variables
in the forgoing form. It may be remarked that here it is not necessary to use a process of
updating the variables: the state ( ε′′0 , α0 ) results from the previous flow, with the flow
always expressed by the same evolutionary equation.
The value of a for a least-squares fit to the linearized equation is:
a=

n∑ ( xy ) − ( ∑ x )( ∑ y )
n∑ ( x ) − ( ∑ x )

(44)

2

where n is the number of data points and
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n

∑x = ∑x
i =1

i

n

∑(x ) = ∑(x )
2

,

i =1

i

2

,

(∑ x)

2

 n 
=  ∑ xi 
 i =1 

2

(45)

Then, we obtain C and γ from Eqs. (40) and (43) as
C=

3
 αs (1 − β ) − β b
2

(46)

γ = a (1 − β )

(47)

However, we have not yet determined the value of β corresponding to a leastsquares error fit. Actually, we have obtained only a least-squares fit of C and γ for
specified value of β .
To determine β , we must minimize the squares of the errors
n

e 2 = ∑ [ α − α]

2

(48)

i =1

where α is the backstress value form the actual data at the n data points, and α is the
backstress value from Eq. (37). We do not perform this minimization by finding where
the derivative of the error squared is zero. Instead, we search for a value of β for which
the error is smallest. That is, we increase β in increments from its possible smallest
value to the first data point until the error, which first decreases, begins to increase.
Then, we successively halve the increment size and search the region around the
minimum until we have defined the value of β to a desired level of accuracy.
5.4- Other Approaches Used to Determine C , γ , and β

Another approach used to determine C , γ , and β was based on the solution of a
system of three linear equations. Since three constants were unknown, the use of three
equations would be sufficient to determine them. In order to determine which constants
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would provide the best accordance with the uniaxial experimental results, the first and
last experimental values were fixed. The third experimental values, which provide us
with the third equation, varied from the second to the second last experimental result.
During this variation, for each of the three sets of experimental results, and
respectively for each set of three equations, one set of constants C , γ , and β was
calculated. Then, using the calculated set of constants, the predicted backstress values
were then calculated. After calculating the predicted values of backstress, these values
were investigated against the experimental results. The set of constants that presented
the best approximation compared to the experimental results was then chosen as the
constant values of the proposed model.
Also, trial and error was used to determine the material parameters that would
provide the best fit. In this curve fitting procedure, the stress-strain curve for uniaxial
monotonic experimental observations made by Chaboche (1991) was used.
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CHAPTER 6
BEHAVIORAL ANALYSIS OF PROPOSED MODEL CONSTANTS
In this chapter, the behavior of the proposed model constants is analyzed against
different types of situations. C , γ , and β are evaluated and discussed independently
and related within each other. Their individual importance and contribution to the
model is highlighted and an illustration is presented in the form of graphs.
Case 1:
In this case, the effect of the constant C on the proposed model is presented in
Figures 6.1 and 6.2. Here, C is equivalent to the constant presented by Prager in his
classical Linear-Kinematic hardening model (1956).
It is observed in this application that an increase in the value of C causes
hardening to the material. As a consequence, the plastic strain is reduced for the same
stress level.
Case 2:
In this case, the contribution of γ to the model is analyzed. γ is a material
dependent dynamic recovery term being initially introduced by Armstrong and
Frederick(1966). Its function is to add nonlinearity to the Prager rule, working as a
recall term. As γ increases, more nonlinear hardening is added to the model, as shown
in Figure 6.3. This Figure shows how the material behaves, as the stress-strain curve is
plotted.
Case 3:
In this case, the influence of the coefficient β on the proposed model is
discussed. β is the new term presented by the proposed model, which is also a material
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dependent dynamic recovery term. As shown below in Figures 6.4 and 6.5, more linear
hardening is added to the material as β increases.
This new hardening term is the responsible for the change in the direction of the
center of the yield surface when compared to Frederick and Armstrong (1966) and
Phillips and Weng (1975). According to the former, the center of the yield surface
translates in the stress space in the same direction as the plastic strain rate tensor ε&ij′′ .
The later affirms that the center of the yield surface translates in the same direction as
the stress rate tensor σ& ij .
The new term presented in this work model, βσ& ij , is added to the plastic strain
dependent terms

3
Cε&ij′′ and −γαij p& . The result is a tensor whose direction is in between
2

the plastic strain increment tensor ε&ij′′ and the stress increment tensor σ& ij .
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CHAPTER 7
PROPOSED MODEL SIMULATIONS
This chapter contains simulated results obtained by using the proposed model
for uniaxial monotonic, cyclic, and for ratcheting for type 316 stainless steel.
As in Voyiadjis and Basuroychowdhary (1998), the strain limit for monotonic
uniaxial loading is 5 percent. The proposed model prediction for this test is very good.
Although on the conservative side, the results are close to the experimental
observations.
For cyclic loading, a strain range of 1 percent was initially considered. After
saturation was reached for the 1 percent initial strain range, the range was increased by
0.5 percent and cyclic loading and unloading was performed until saturation occurred
again. This procedure was repeated until the strain range reached 3 percent. Results
were obtained for different material parameter; analysis of them proved that although
the model conforms to experimental observations, it could be improved.
The following figures show some of the results obtained.
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Basu & Voyiadjis
Chaboche
AF-Phillips (proposed)
Experimental

Fig. 7.1: Uniaxial Monotonic Loading
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Fig. 7.2: Uniaxial Cyclic Loading
(Linear - Prager)
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Fig. 7.3: Uniaxial Cyclic Loading
(Stress Controlled)
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Fig. 7.4: Uniaxial Cyclic Loading
(Dogri Constants)
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CHAPTER 8
SUMMARY AND CONCLUSION
A coupled kinematic hardening model is proposed, where a nonlinear hardening
rule is applied in order to better predict the movement of the yield surface. The
proposed model is based on Armstrong and Frederick (1966), Phillips and Weng
(1975), Chaboche and Dang-Van (1979), and Voyiadjis and Basuroychowdhury (1998).
Experimental observations made by Phillips and Lee (1978) showed that the
direction of the movement of the center of the yield surface occurs between the stress
rate tensor σ ij and the plastic strain rate tensor εij′′ directions. To account for this
observation, a new term βσ ij is incorporated to the model proposed by Chaboche and
Dang-Van (1979).
The results obtained by the proposed model remain on the conservative side,
under predicting experimental observation made by Chaboche (1991) for type 316
stainless steel. The proposed model predicts better results for uniaxial monotonic than
the model proposed by Chaboche and Dang-Van (1979). For cyclic loadings and
ratcheting, the correlation of the results predicted by the proposed model with
experimental observations is satisfactory, but limited.
Future improvements can be made in order to make the proposed model results
more accurate. The decomposition of the kinematic hardening rule, as proposed by
Chaboche and Dang-Van (1979), is one of the improvements suggested by the author.
Although on the conservative side, the results obtained by the proposed model are
considered satisfactory when compared with other existing hardening models and
experimental observations.
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APPENDIX: COMPUTER PROGRAM SUBROUTINES
A.1 Subroutine to Compute the Nonlinear Behavior of the Material
C[][][][][][][][][][][][][][][][][][][][][][][][][][][][][][][][][][][]
C[]
[]
C((((((((((((((((((((((( P L A S T I C I T Y ))))))))))))))))))))))))
C((
))
C(( This is a constitutive model for prediction of the nonlinear
))
C(( material behavior of metal anisotropic materials (PLASTICITY) ))
C(( using Fredrik-Amstrong kinematic criterion / Voyiadjis
))
C(( kinematic hardening criterion.
))
C((
))
C(( The following individuals helped in developing this program:
))
C(( G. Z. Voyiadjis – P. I. Katan – I. N. Basuroychowdhury
))
C(( Modified by 'Rashid K. Abu Al-Rub' 2001
))
C((
))
C(( USING RADIAL RETURN ALGORITHM
))
C((
))
C((((((((((((((((((((((((((((((((((()))))))))))))))))))))))))))))))))))
C ==========================================================
C ======================== M A T E R I A L====================
C ==========================================================
C
PROGRAM MAIN
C
IMPLICIT NONE
INTEGER MAX_MAT_TYPE,INCREM,NIT,NDIVER,I_OUT,I_IN,MATNUM
INTEGER STRS_STRN_REL,ICOUNT,IOCNT,PLANE_STRAIN
INTEGER EVAL_STIFF_OR_EVAL_STRESS,EVAL_STIFF,EVAL_STRESS
INTEGER ITERATIONS,K1,K2,K3,K4,DIVER_STOP
INTEGER ISTART,IFINAL,RESTART
INTEGER IYIEL,IEND,I,K,ITEST,AXISYMMETRIC,PLANE_STRESS
INTEGER
MAT_ELAS,MAT_PLAS,MAT_ELAS_DAM,MAT_PLAS_DAM,J,LAST
INTEGER MATYPE,INCREMENTS,OUTPUT_INTR,ELEM_TYPE,P2X
LOGICAL INITIAL_CORRECTION,IYIELD
REAL*8 STRESS_IN(3,3),STRAIN,STRESS_INCR(6),EDOTEL,STRESS_ITR(6)
REAL*8
STRESS_VEC(6),STRN,STRS,SDOTV,STRN1(6),STRS1(6),DE,STRESS
REAL*8 NUX,NUY,NUZ,DLINC,P2Z,ONE,DEPINV(6,6)
REAL*8 POISS,SYIELD,YOUNG,AD,STRPLA,STRELA
REAL*8 DEP,DEPM,EX,EY,EZ,P1X,P1Y,P1Z,P2Y
REAL*8 P6X,P6Y,P6Z,P7X,P7Y,P7Z
REAL*8 CONV_FAC,ENRG,ENRG1
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REAL*8
CENTER,BETA_CONST,C_CONST,GAMA_CONST,Q_ISOTROPIC
REAL*8 R_ISOTROPIC,ISOTROPIC_CONST
CHARACTER*12 INP_FILE,OUT_FILE
COMMON/INPUT8/INCREMENTS,ITERATIONS
PARAMETER (MAX_MAT_TYPE=10)
COMMON/INPUT5/NUX(MAX_MAT_TYPE),NUY(MAX_MAT_TYPE),
.
NUZ(MAX_MAT_TYPE),EX(MAX_MAT_TYPE),
.
EY(MAX_MAT_TYPE),EZ(MAX_MAT_TYPE),
.
P1X(MAX_MAT_TYPE),P1Y(MAX_MAT_TYPE),
.
P1Z(MAX_MAT_TYPE),P2X(MAX_MAT_TYPE),
.
P2Y(MAX_MAT_TYPE),P2Z(MAX_MAT_TYPE)
COMMON/PLASTICITY/P6X(MAX_MAT_TYPE),P6Y(MAX_MAT_TYPE),
.
P6Z(MAX_MAT_TYPE),P7X(MAX_MAT_TYPE),
.
P7Y(MAX_MAT_TYPE),P7Z(MAX_MAT_TYPE)
COMMON/XXX16/SYIELD
COMMON/INPUTF/MATYPE(MAX_MAT_TYPE)
COMMON/INPUTB/CONV_FAC,ENRG1,NDIVER,DIVER_STOP
COMMON/CONTR1/INCREM,NIT
COMMON/ELSTR1/STRN(6)
COMMON/ELSTR2/STRS(6)
COMMON/ADMAT1/AD(3,3,3,3)
COMMON/MATER1/DEP(6,6)
COMMON/IN_IO/I_OUT,I_IN
COMMON/STRAIN_INCR/DE(6),EDOTEL(3,3),SDOTV(6)
COMMON/OUT1/STRESS(6),STRAIN(6),STRELA(6),STRPLA(6)
COMMON/OUT2/CENTER(6),INITIAL_CORRECTION,IYIELD
COMMON/MAT_CONST/BETA_CONST,C_CONST,GAMA_CONST,Q_ISOTROPI
C,
.
R_ISOTROPIC,ISOTROPIC_CONST
PARAMETER (EVAL_STIFF=0,EVAL_STRESS=1)
PARAMETER (PLANE_STRESS=1,PLANE_STRAIN=2,AXISYMMETRIC=3)
PARAMETER
(MAT_ELAS=1,MAT_PLAS=2,MAT_ELAS_DAM=3,MAT_PLAS_DAM=4)
DATA ONE /1.0D0/
C
C====OPEN INPUT AND OUTPUT FILES
C
WRITE(*,10)
10 FORMAT(2X,'PLEASE ENTER THE INPUT FILE NAME (12-CHARACTER
MAX):'
.
,/)
READ(*,'(12A)') INP_FILE
WRITE (*,20)
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20
FORMAT(/,2X,'PLEASE ENTER THE OUTPUT FILE NAME (12CHARACTER MAX):'
.
,/)
READ(*,'(12A)') OUT_FILE
I_IN=11
I_OUT=13
OPEN(UNIT=I_IN,FILE=INP_FILE,STATUS='UNKNOWN')
OPEN(UNIT=I_OUT,FILE=OUT_FILE,STATUS='UNKNOWN')
OPEN(UNIT=2,FILE='TEST.OUT',STATUS='UNKNOWN')
OPEN(UNIT=7,FILE='RESTF.DAT',STATUS='UNKNOWN')
C
C====READ THE INPUT
C
DO I = 1 , 3
READ(I_IN,*) (STRESS_IN(I,J),J=1,3)
END DO
READ(I_IN,*) MATNUM,MATYPE( MATNUM )
READ(I_IN,*) YOUNG,POISS
NUX(MATNUM) = POISS
EX(MATNUM) = YOUNG
READ(I_IN,*) INCREMENTS,ITERATIONS
READ(I_IN,*) CONV_FAC,DIVER_STOP
READ(I_IN,*) OUTPUT_INTR
READ(I_IN,*) STRS_STRN_REL,ELEM_TYPE
READ(I_IN,*) RESTART
C
C====PRINTING THE INPUT DATA
C
WRITE(I_OUT,30)
30 FORMAT(1X,'THE STRESS TENSOR:',/)
DO I = 1 , 3
WRITE(I_OUT,35) (STRESS_IN(I,J),J=1,3)
END DO
35 FORMAT(3(2X,E12.5))
WRITE(I_OUT,40) YOUNG,POISS
40 FORMAT(/,2X,'E = ',E12.5,5X,'v = ',F5.3)
WRITE(*,*) 'INCREMENTS',INCREMENTS,'ITERATIONS',ITERATIONS
WRITE(*,*) CONV_FAC,DIVER_STOP
WRITE(*,*) OUTPUT_INTR,STRS_STRN_REL,ELEM_TYPE
WRITE(*,*) 'RESTART =',RESTART
C
C INCREMENTS = NUMBER OF STRESS INCREMENTS
C ITERATIONS = NUMBER OF ITERATIONS
C OUTPUT_INTR = NUMBER OF INCREMENT AT WHICH OUTPUT IS
REQUIRED
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C RESTART = START THE RUN FROM THE LAST CONVERGED
INCREMENT
C
IF(ELEM_TYPE.GT.300) THEN
IEND=6
ELSE
IEND=4
ENDIF
C
C INITIALIZATION
C
DO K = 1 , IEND
STRESS(K)=0.0D0
STRAIN(K)=0.0D0
STRELA(K)=0.0D0
STRPLA(K)=0.0D0
CENTER(K)=0.0D0
END DO
Q_ISOTROPIC=0.0D0
R_ISOTROPIC=0.0D0
INITIAL_CORRECTION=.FALSE.
IYIELD=.FALSE.
C
C
C
SOLUTION CONTROL
C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C
IF (RESTART.EQ.1) THEN
DO K = 1 , IEND
READ(7,*)STRESS(K),STRAIN(K),STRELA(K),STRPLA(K),CENTER(K)
END DO
READ(7,*)ISTART
READ(7,*)Q_ISOTROPIC,R_ISOTROPIC,INITIAL_CORRECTION,IYIELD
REWIND 7
CALL VECTOR(ELEM_TYPE,STRESS_IN,STRESS_VEC,ONE)
DLINC = DFLOAT( INCREMENTS )
DO K = 1 , IEND
STRESS_INCR(K) = (STRESS_VEC(K)-STRESS(K))/DLINC
END DO
IFINAL=ISTART+INCREMENTS
ISTART=ISTART+1
ELSE
C
C
ICOUNT = ITERATION COUNT FOR THE RUN
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C
IOCNT = INCREMENT COUNT FROM THE START OR SINCE THE LAST
C
OUTPUT. WHEN 'IOCNT' IS EQUAL TO 'OUTPUT_INTR' A
COMPLETE
C
OUTPUT WILL BE GENERATED.
C
INCR = INREMENT NUMBER
C
NIT = ITERATION NUMBER
C
ITERATIONS = MAXIMUM NUMBER OF ITERATIONS ALLOWED
C
CALL VECTOR(ELEM_TYPE,STRESS_IN,STRESS_VEC,ONE)
DLINC = DFLOAT( INCREMENTS )
DO K = 1 , IEND
STRESS_INCR(K) = STRESS_VEC(K)/DLINC
END DO
ISTART = 1
IFINAL = INCREMENTS
ENDIF
ICOUNT = 0
IOCNT = 0
IF (RESTART.EQ.1) THEN
DO I = 1 , IEND
STRS(I) = STRESS(I)
STRS1(I) = STRESS(I)
STRN(I) = STRAIN(I)
STRN1(I) = STRAIN(I)
END DO
ELSE
DO I = 1 , IEND
STRS(I) = 0.0D0
STRS1(I) = 0.0D0
STRN1(I) = 0.0D0
END DO
ENDIF
C
C
START
OF
C
INCREMENT
LOOP
C
DO INCREM = ISTART , IFINAL
IOCNT = IOCNT + 1
write(2,*)'INCREMENT =',increm
C
C STRESS_ITR = TOTAL APPLIED STRESS AT THE END OF THE
INCREMENT
C
DO I = 1 , IEND
STRESS_ITR(I) = STRESS_INCR(I) + STRS(I)
END DO
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write(2,*)'TOTAL STRESS =',stress_itr(1)
C
C
C
C

START
OF
ITERATION LOOP
DO NIT = 1 , ITERATIONS

C
C
C

CALCULATION OF THE STRESS INCREMENT
DO I = 1 , IEND
SDOTV(I) = STRESS_ITR(I) - STRS(I)
END DO
write(2,*)'STRESS INCREMENT =',sdotv(1)

C
C
C

CALCULATION OF THE STRAIN INCREMENT
CALL MATMOD(ELEM_TYPE,MATNUM,STRS_STRN_REL,
.
I_OUT,EVAL_STIFF)
CALL DINV(DEP,IEND,DEPINV)
DO K1 = 1 , IEND
DE(K1)=0.0
DO K2 = 1 , IEND
DE(K1)=DE(K1)+DEPINV(K1,K2)*SDOTV(K2)
END DO
END DO
DO I = 1 , IEND
STRS1(I) = STRS(I)
STRN1(I) = STRN(I)
END DO

C
C
C

UPDATING THE STRESS INCREMENT
.

C
C
C

CALL MATMOD(ELEM_TYPE,MATNUM,STRS_STRN_REL,
I_OUT,EVAL_STRESS)
ITERATION CONVERGENCE
CALL CHECK(STRS1,STRN1,IEND,ITEST,I_OUT)
IF (ITEST.EQ.1) THEN
WRITE(*,*)
GOTO 600
ELSE IF (ITEST.EQ.2) THEN
WRITE(*,*)
GO TO 590
END IF
END DO
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WRITE(*,*)
C
C
C
C

END
OF
ITERATION LOOP

IF (ITERATIONS.EQ.1) GO TO 600
WRITE(I_OUT , 1003) INCREM , INCREM-1
PRINT*,'MAXIMUM NUMBER OF ITERATIONS EXCEEDED. '//
.
'PROGRAM TERMINATED'
590 IF(INCREM.LE.1) GOTO 800
WRITE(*,*)'WRITING OUTPUT FOR LOAD INCREMENT # '
WRITE(*,*) INCREM
WRITE(I_OUT , 1004) INCREM
CALL OUTPUT(I_OUT,ELEM_TYPE,MATNUM,STRS_STRN_REL)
GO TO 800
600 ICOUNT = ICOUNT + NIT
IF(OUTPUT_INTR.GT.0) THEN
IF (MOD(IOCNT,OUTPUT_INTR).EQ.0) THEN
WRITE(*,*)'WRITING OUTPUT FOR LOAD INCREMENT # '
WRITE(*,*) INCREM
WRITE(I_OUT , 1004) INCREM
CALL OUTPUT(I_OUT,ELEM_TYPE,MATNUM,STRS_STRN_REL)
ENDIF
END IF
C
C SAVING THE RESTART NECESSARY RESULTS
C
DO K = 1 , IEND
WRITE(7,*)STRESS(K),STRAIN(K),STRELA(K),STRPLA(K),CENTER(K)
END DO
WRITE(7,*)INCREM
WRITE(7,*)Q_ISOTROPIC,R_ISOTROPIC,INITIAL_CORRECTION,IYIELD
REWIND 7
C
END DO
800 WRITE(I_OUT , 1002) ICOUNT
1002 FORMAT(//1X,'>>>>>>> TOTAL NUMBER OF ITERATIONS FOR THIS
RUN IS'
. ,' = ',I5)
1003 FORMAT(/1X,'>>>>>>> PROGRAM TERMINATED DUE TO EXEEDING
THE '/
. 9X,'ALLOWABLE NUMBER OF ITERATIONS AT LOAD INCREMENT ',I4//
. 1X,'>>>>>>> OUTPUTS ARE FOR THE LAST CONVERGED INCREMENT
',I4)
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1004 FORMAT(///1X,'>>>>>>> OUTPUTS AT INCREMENT ',I4)
C
END
C
C
C ===========================================================
CI
CI
THE CONSTITUTIVE MATERIAL MODEL
CI
C I This material model is used to find the elsto-plastic stiffness
C I and the corresponding updated stresses and strains.
C I The evolution equation of the backstress is of the modified form
C I Armstrong-Fredrick model by Voyiadjis, Abu Al-Rub, and Araujo.
C I The isotropic hardening is as proposed by Chaboche.
C I The correction algorithm is the radial return algorithm.
CI
C ===========================================================
C
SUBROUTINE MATMOD(ELEM_TYPE,MATNUM,STRS_STRN_REL,
I_OUT,EVAL_STIFF_OR_EVAL_STRESS)
IMPLICIT NONE
INTEGER MAT_ELAS,MAT_PLAS,MAT_ELAS_DAM,MAT_PLAS_DAM
INTEGER MAX_MAT_TYPE
INTEGER
STRS_STRN_REL,PLANE_STRESS,PLANE_STRAIN,AXISYMMETRIC
INTEGER EVAL_STIFF_OR_EVAL_STRESS,EVAL_STIFF,EVAL_STRESS
PARAMETER (EVAL_STIFF=0,EVAL_STRESS=1)
PARAMETER (PLANE_STRESS=1,PLANE_STRAIN=2,AXISYMMETRIC=3)
PARAMETER
(MAT_ELAS=1,MAT_PLAS=2,MAT_ELAS_DAM=3,MAT_PLAS_DAM=4)
PARAMETER (MAX_MAT_TYPE=10)
INTEGER ELEM_TYPE,I,I_OUT,MATNUM,MATYPE
COMMON/INPUTF/MATYPE(MAX_MAT_TYPE)
C
I = MATYPE( MATNUM )
IF (I.EQ.MAT_ELAS) THEN
CALL ELAST(ELEM_TYPE,MATNUM,STRS_STRN_REL,
.
EVAL_STIFF_OR_EVAL_STRESS)
ELSE IF(I.EQ.MAT_PLAS) THEN
CALL PLAST(ELEM_TYPE,MATNUM,STRS_STRN_REL,
.
EVAL_STIFF_OR_EVAL_STRESS)
C ELSE IF(I.EQ.MAT_ELAS_DAM) THEN
C
CALL ELAST_DAM(ELEM_TYPE,MATNUM,STRS_STRN_REL,
C .
EVAL_STIFF_OR_EVAL_STRESS)
C ELSE IF(I.EQ.MAT_PLAS_DAM) THEN
.
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I
I
I
I
I
I
I
I
I
I

C
C

CALL PLAST_DAM(ELEM_TYPE,MATNUM,STRS_STRN_REL,
.
EVAL_STIFF_OR_EVAL_STRESS)
ELSE
WRITE (I_OUT , 100) I
STOP 'INVALID MATERIAL TYPE SPECIFIED'
END IF
100 FORMAT (/1X,'INVALID MATERIAL TYPE(',I3,') SPECIFIED')
C
END
C
C ==========================================================
C ======================= E L A S T==========================
C ==========================================================
C
SUBROUTINE ELAST(ELEM_TYPE,MATNUM,STRS_STRN_REL,
.
EVAL_STIFF_OR_EVAL_STRESS)
IMPLICIT NONE
INTEGER STRS_STRN_REL
INTEGER EVAL_STIFF_OR_EVAL_STRESS,EVAL_STIFF
PARAMETER (EVAL_STIFF=0)
INTEGER ELEM_TYPE,MATNUM
C
IF (EVAL_STIFF_OR_EVAL_STRESS.EQ.EVAL_STIFF) THEN
CALL DELAST(ELEM_TYPE,MATNUM,STRS_STRN_REL)
ELSE
CALL STRSTN(ELEM_TYPE,MATNUM,STRS_STRN_REL)
END IF
C
END
C
C ============================================================
C ======================= S T R S T N ==========================
C ============================================================
C
SUBROUTINE STRSTN(ELEM_TYPE,MATNUM,STRS_STRN_REL)
IMPLICIT NONE
INTEGER STRS_STRN_REL
INTEGER ELEM_TYPE,INCREM,K1,K2
INTEGER MATNUM,NIT,IEND
REAL*8 S,DEP,STRN,STRS,STRESS,STRAIN,DE(6),DS(6),ZERO
REAL*8 STRELA,STRPLA
COMMON/MATER1/DEP(6,6)
COMMON/ELSTR1/STRN(6)
COMMON/ELSTR2/STRS(6)
COMMON/CONTR1/INCREM,NIT
COMMON/OUT1/STRESS(6),STRAIN(6),STRELA(6),STRPLA(6)
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C
DATA ZERO /0.0D0/
C
IF(ELEM_TYPE.GT.300) THEN
IEND=6
ELSE
IEND=4
ENDIF
IF (INCREM.LE.1) THEN
DO K1 = 1 , IEND
STRESS( K1 ) = ZERO
STRAIN( K1 ) = ZERO
STRELA( K1 ) = ZERO
STRPLA( K1 ) = ZERO
END DO
END IF
DO K1 = 1 , IEND
DE( K1 ) = STRN( K1 ) - STRAIN( K1 )
END DO
CALL DELAST(ELEM_TYPE,MATNUM,STRS_STRN_REL)
DO K1= 1 , IEND
S = ZERO
DO K2 = 1 , IEND
S = S + DEP(K1 , K2)*DE( K2 )
END DO
DS( K1 ) = S
END DO
DO K1=1,IEND
STRAIN(K1)=STRN(K1)
STRESS(K1)=STRESS(K1)+DS(K1)
STRS(K1)=STRESS(K1)
END DO
C
END
C
C ===========================================================
C ====================== D E L A S T ==========================
C ===========================================================
C
SUBROUTINE DELAST(ELEM_TYPE,MATNUM,STRS_STRN_REL)
C
C ===========================================================
CI
C I PROGRAM 'DELAST'EVALUATES THE STRESS-STRAIN STIFFNESS
C I MATRIX
C I FOR ISOTROPIC OR ORTHOTROPIC ELASTIC MATERIALS
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I
I
I
I

CI
CI COMMON BLOCKS
CI
CI
C ===========================================================
C
IMPLICIT NONE
INTEGER MAX_MAT_TYPE
INTEGER STRS_STRN_REL,PLANE_STRESS
PARAMETER (PLANE_STRESS=1)
PARAMETER (MAX_MAT_TYPE=10)
INTEGER ELEM_TYPE,MATNUM,P2X
REAL*8 NUX,NUY,NUZ,LAMBDA,MU,DEP,EX,EY,EZ,P1X,P1Y,P1Z
REAL*8 P6X,P6Y,P6Z,P7X,P7Y,P7Z
REAL*8 P2Y,P2Z,HALF,ONE,TWO,CST1
COMMON/MATER1/DEP(6,6)
COMMON/INPUT5/NUX(MAX_MAT_TYPE),NUY(MAX_MAT_TYPE),
.
NUZ(MAX_MAT_TYPE),EX(MAX_MAT_TYPE),
.
EY(MAX_MAT_TYPE),EZ(MAX_MAT_TYPE),
.
P1X(MAX_MAT_TYPE),P1Y(MAX_MAT_TYPE),
.
P1Z(MAX_MAT_TYPE),P2X(MAX_MAT_TYPE),
.
P2Y(MAX_MAT_TYPE),P2Z(MAX_MAT_TYPE)
COMMON/PLASTICITY/P6X(MAX_MAT_TYPE),P6Y(MAX_MAT_TYPE),
.
P6Z(MAX_MAT_TYPE),P7X(MAX_MAT_TYPE),
.
P7Y(MAX_MAT_TYPE),P7Z(MAX_MAT_TYPE)
C
DATA HALF,ONE,TWO /0.5D0,1.0D0,2.0D0/
C
CALL DIARRAY(DEP,6,6,0,0,0,0,0)
MU=HALF*EX(MATNUM)/(ONE+NUX(MATNUM))
LAMBDA=(NUX(MATNUM)*EX(MATNUM))/((ONE+NUX(MATNUM))*
.
(ONE-TWO*NUX(MATNUM)))
IF (ELEM_TYPE.GT.300) THEN
DEP(1 , 1) = LAMBDA+TWO*MU
DEP(2 , 2) = LAMBDA+TWO*MU
DEP(3 , 3) = LAMBDA+TWO*MU
DEP(4 , 4) = MU
DEP(5 , 5) = MU
DEP(6 , 6) = MU
DEP(1 , 2) = LAMBDA
DEP(1 , 3) = LAMBDA
DEP(2 , 1) = LAMBDA
DEP(2 , 3) = LAMBDA
DEP(3 , 1) = LAMBDA
DEP(3 , 2) = LAMBDA
ELSE
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I
I
I
I

C
C
C

PLANE STRESS
IF (STRS_STRN_REL.EQ.PLANE_STRESS) THEN
DEP(1,1)=EX(MATNUM)/(ONE-NUX(MATNUM)**2)
DEP(2,2)=DEP(1,1)
DEP(3,3)=EX(MATNUM)*HALF/(ONE+NUX(MATNUM))
DEP(1,2)=NUX( MATNUM )*DEP(1 , 1)
DEP(2,1)=DEP(1 , 2)

C
C
C

AXISYMMETRIC AND PLANE STRAIN

ELSE
CST1=EX(MATNUM)/(ONE+NUX(MATNUM))/(ONETWO*NUX(MATNUM))
DEP(1 , 1) = (ONE-NUX(MATNUM))*CST1
DEP(2 , 2) = DEP(1 , 1)
DEP(3 , 3) = EX(MATNUM)*HALF/(ONE+NUX(MATNUM))
DEP(4 , 4) = DEP(1 , 1)
DEP(1 , 2) = NUX( MATNUM )*CST1
DEP(2 , 1) = NUX( MATNUM )*CST1
DEP(1 , 4) = NUX( MATNUM )*CST1
DEP(4 , 1) = NUX( MATNUM )*CST1
DEP(2 , 4) = NUX( MATNUM )*CST1
DEP(4 , 2) = NUX( MATNUM )*CST1
END IF
END IF
C
END
C
C ==========================================================
C ======================== P L A S T =========================
C ==========================================================
C
SUBROUTINE PLAST(ELEM_TYPE,MATNUM,STRS_STRN_REL,
.
EVAL_STIFF_OR_EVAL_STRESS)
IMPLICIT NONE
INTEGER STRS_STRN_REL
INTEGER EVAL_STIFF_OR_EVAL_STRESS,EVAL_STIFF
PARAMETER (EVAL_STIFF=0)
INTEGER ELEM_TYPE,MATNUM,IEND
C
IF(ELEM_TYPE.GT.300) THEN
IEND=6
ELSE
IEND=4
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ENDIF
IF (EVAL_STIFF_OR_EVAL_STRESS.EQ.EVAL_STIFF) THEN
CALL MISES1(ELEM_TYPE,MATNUM,STRS_STRN_REL,IEND)
ELSE
CALL MISES2(ELEM_TYPE,MATNUM,STRS_STRN_REL,IEND)
END IF
C
END
C
C ===========================================================
C ======================== M I S E S ==========================
C ===========================================================
SUBROUTINE MISES
C
C ===========================================================
CI
C I P R O G R A M:
CI
C I PROGRAM 'MISES' IS THE CONTROL UNIT FOR CALCULATION OF
C I THE ELASTOPLASTIC STRESS-STRAIN STIFFNESS MATRIX.
CI
CI
C ===========================================================
C
IMPLICIT NONE
INTEGER MAX_MAT_TYPE
INTEGER STRS_STRN_REL
PARAMETER (MAX_MAT_TYPE=10)
INTEGER ELEM_TYPE,INCREM,INCREMENTS
INTEGER ITERATIONS,K1,K2,K3,K4,K_CTRL
INTEGER MATNUM,NIT,IYIEL
INTEGER ISO_CTRL,P2X,IEND
LOGICAL IYIELD,INITIAL_CORRECTION
REAL*8
NUX,NUY,NUZ,LAMDOT,KINEMATIC_CONST,ISOTROPIC_CONST
REAL*8 POISS,SYIELD,YOUNG,AD,EDOTELV(6)
REAL*8 DEP,DEPM,EX,EY,EZ,P1X,P1Y,P1Z,P2Y,CQBARM,FLAMDOT
REAL*8 P6X,P6Y,P6Z,P7X,P7Y,P7Z
REAL*8 P2Z,STRN,STRS,TAU(3,3),TAU0(3,3),ALPHA(3,3),FS,FA,FK
REAL*8 F0,F1,F2,DEN,R,R0,R1,DTAU(3,3),TAU2(3,3),DTAU2(3,3)
REAL*8 SIGMA(3,3),SIGMA2(3,3),SDOT2(3,3),STRPLA,DEPLA(6)
REAL*8 EDOT(3,3),SF(3,3),EDOTEL,EDOTPL(3,3)
REAL*8 STRESS,STRAIN,CENTER,STRELA,DE,SDOT(3,3),SDOTV
REAL*8 FFYIELD,FCQBARM,ZERO,HALF,ONE,TWO,THREE,ffinal,finitial,
.
fFinal0
REAL*8 PDOT,SUMA1(3,3),SUMA2(3,3),SUMA3(3,3),R_ISOTROPIC,
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I
I
I
I
I
I
I

.

Q_ISOTROPIC,CONST1,CONST2,Q_CONST
REAL*8
C_CONST,GAMA_CONST,BETA_CONST,QM_CONST,Q0_CONST,MU_CONST
COMMON/CONTR1/INCREM,NIT
COMMON/ELSTR1/STRN(6)
COMMON/ELSTR2/STRS(6)
COMMON/ADMAT1/AD(3,3,3,3)
COMMON/PLAST1/IYIEL
COMMON/FDER1/FS(3,3),FA(3,3),FK
COMMON/MATER1/DEP(6,6)
COMMON/ELPLD1/DEPM(3,3,3,3)
COMMON/INPUT8/INCREMENTS,ITERATIONS
COMMON/INPUT5/NUX(MAX_MAT_TYPE),NUY(MAX_MAT_TYPE),
.
NUZ(MAX_MAT_TYPE),EX(MAX_MAT_TYPE),
.
EY(MAX_MAT_TYPE),EZ(MAX_MAT_TYPE),
.
P1X(MAX_MAT_TYPE),P1Y(MAX_MAT_TYPE),
.
P1Z(MAX_MAT_TYPE),P2X(MAX_MAT_TYPE),
.
P2Y(MAX_MAT_TYPE),P2Z(MAX_MAT_TYPE)
COMMON/PLASTICITY/P6X(MAX_MAT_TYPE),P6Y(MAX_MAT_TYPE),
.
P6Z(MAX_MAT_TYPE),P7X(MAX_MAT_TYPE),
.
P7Y(MAX_MAT_TYPE),P7Z(MAX_MAT_TYPE)
COMMON/MAT_CONST/BETA_CONST,C_CONST,GAMA_CONST,Q_ISOTROPI
C,
.
R_ISOTROPIC,ISOTROPIC_CONST
COMMON/XXX16/SYIELD
COMMON/OUT1/STRESS(6),STRAIN(6),STRELA(6),STRPLA(6)
COMMON/OUT2/CENTER(6),INITIAL_CORRECTION,IYIELD
COMMON/STRAIN_INCR/DE(6),EDOTEL(3,3),SDOTV(6)
C
DATA ZERO,HALF,ONE,TWO,THREE /0.0D0,0.5D0,1.0D0,2.0D0,3.0D0/
C
C ================= E N T R Y M I S E S 1 ======================
C
ENTRY MISES1(ELEM_TYPE,MATNUM,STRS_STRN_REL,IEND)
C
IF (INCREM.LE.1.AND.NIT.EQ.1) IYIELD = .FALSE.
C
IF (IYIELD) THEN
C
C ============= Material Constants (Voyiadjis)==========
C
P6X(MATNUM)= 30.0E+03
P6Y(MATNUM)= 0
P6Z(MATNUM)= 0.4
P7X(MATNUM)= 0.
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P7Y(MATNUM)= 0.
P7Z(MATNUM)= 0.
P2X(MATNUM)= 0.0
P1Z(MATNUM)= 122.5
P1Y(MATNUM)= 0.0
P1X(MATNUM)= 0.0
C
C --- GET THE MATERIAL PARAMETERS
C
ISO_CTRL = P2X( MATNUM )
ISOTROPIC_CONST = P1Y( MATNUM )
SYIELD = P1Z( MATNUM )
KINEMATIC_CONST = P1X( MATNUM )
C_CONST=P6X(MATNUM)
GAMA_CONST=P6Y(MATNUM)
BETA_CONST=P6Z(MATNUM)
QM_CONST=P7X(MATNUM)
Q0_CONST=P7Y(MATNUM)
MU_CONST=P7Z(MATNUM)
YOUNG = EX( MATNUM )
POISS = NUX( MATNUM )
C
C --- CALCULATION OF THE USEFUL MATRICES
C
CALL TENSOR(ELEM_TYPE,STRESS,SIGMA,ONE)
CALL TENSOR(ELEM_TYPE,CENTER,ALPHA,ONE)
CALL DSDEVIATOR(SIGMA,TAU)
C
C --- CALCULATION OF THE FOURTH ORDER ELASTIC STIFFNESS MATRIX
C
CALL ADMAT(YOUNG,POISS)
C
C --- CALCULATION OF THE PARTIAL DERIVATIVE OF THE YIELD
FUNCTION
C --- F WITH RESPECT TO THE <STRESS>.
C
CALL SFDER(TAU,ALPHA)
C
C --- CALCULATION OF THE ELASTOPLASTIC STIFFNESS MATRIX
C
CQBARM=FCQBARM(TAU,ALPHA,KINEMATIC_CONST,ISO_CTRL)
CALL SDEPMM(CQBARM,BETA_CONST)
C
C --- CONVERSION OF THE FORTH ORDER STIFFNESS TENSOR TO A
SECOND
C --- ORDER TENSOR
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C
CALL CONVER(DEPM,DEP,STRS_STRN_REL,ELEM_TYPE)
ELSE
CALL DELAST(ELEM_TYPE,MATNUM,STRS_STRN_REL)
END IF
write(2,*)'E1 =',dep(1,1)
RETURN
C
C ==================== E N T R Y M I S E S 2 ====================
C
ENTRY MISES2(ELEM_TYPE,MATNUM,STRS_STRN_REL,IEND)
C
IF (INCREM.LE.1.AND.NIT.LE.1) THEN
DO K1 = 1 , IEND
STRAIN( K1 ) = ZERO
STRESS( K1 ) = ZERO
CENTER( K1 ) = ZERO
STRELA( K1 ) = ZERO
STRPLA( K1 ) = ZERO
END DO
R_ISOTROPIC=ZERO
Q_ISOTROPIC=ZERO
END IF
C
C ============= Material Constants (Voyiadjis)==========
C
P6X(MATNUM)= 30.0E+03
P6Y(MATNUM)= 0
P6Z(MATNUM)= 0.4
P7X(MATNUM)= 0.
P7Y(MATNUM)= 0.
P7Z(MATNUM)= 0.0
P2X(MATNUM)= 0.0
P1Z(MATNUM)= 122.5
P1Y(MATNUM)= 0.0
P1X(MATNUM)= 0.0
C
C --- GET THE MATERIAL PARAMETERS
C
ISO_CTRL=P2X(MATNUM)
ISOTROPIC_CONST=P1Y(MATNUM)
SYIELD=P1Z(MATNUM)
KINEMATIC_CONST=P1X(MATNUM)
C_CONST=P6X(MATNUM)
GAMA_CONST=P6Y(MATNUM)
BETA_CONST=P6Z(MATNUM)
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QM_CONST=P7X(MATNUM)
Q0_CONST=P7Y(MATNUM)
MU_CONST=P7Z(MATNUM)
YOUNG = EX( MATNUM )
POISS = NUX( MATNUM )
C
C --- CALCULATION OF THE FOURTH ORDER ELASTIC STIFFNESS MATRIX
C
CALL ADMAT(YOUNG,POISS)
C
C --- CALCULATION OF THE USEFUL TENSORS
C
CALL TENSOR(ELEM_TYPE,STRESS,SIGMA,ONE)
CALL TENSOR(ELEM_TYPE,DE,EDOT,HALF)
CALL TENSOR(ELEM_TYPE,CENTER,ALPHA,ONE)
C
CALL TENSOR(ELEM_TYPE,SDOTV,SDOT,ONE)
CALL DAijkl_Bkl(AD,EDOT,SDOT)
CALL DAij_PLUS_Bij(SIGMA,SDOT,SF)
print*,'sf(1,1)=',sf(1,1)
print*,'sigma(1,1)=',sigma(1,1)
print*,'sdot(1,1)=',sdot(1,1)
write(2,*)'The total elastic increm=',edot(1,1)
write(2,*)'The Initial STRESS= ',sigma(1,1)
write(2,*)'The Trail STRESS= ',sf(1,1)
C
CALL DSDEVIATOR(SIGMA,TAU0)
CALL DSDEVIATOR(SF,TAU)
C
C --- CALCULATION OF THE YIELD FUNCTION FOR THE TRIAL STRESS
C
F1=FFYIELD(TAU,ALPHA,ISO_CTRL,R_ISOTROPIC)
write(2,*)'F trail= ',f1
print*,'F1=',f1
K_CTRL=0
IF (F1.LT.ZERO) THEN
IF (IYIELD) THEN
GOTO 10
F1=1.0
ENDIF
DO K1=1,IEND
STRELA(K1)=STRELA(K1)+DE(K1)
STRN(K1)=STRELA(K1)
END DO
DO K2=1,3
DO K1=1,3
SIGMA(K1,K2)=SF(K1,K2)
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END DO
END DO
IYIELD = .FALSE.
INITIAL_CORRECTION=.TRUE.
10 CONTINUE
ELSE IF(F1.EQ.ZERO) THEN
DO K1=1,IEND
STRELA(K1)=STRELA(K1)+DE(K1)
STRN(K1)=STRELA(K1)
END DO
DO K2=1,3
DO K1=1,3
SIGMA(K1,K2)=SF(K1,K2)
END DO
END DO
IYIELD = .TRUE.
INITIAL_CORRECTION=.FALSE.
ELSE IF(F1.GT.ZERO) THEN
IF(INITIAL_CORRECTION) THEN
F0=FFYIELD(TAU0,ALPHA,ISO_CTRL,R_ISOTROPIC)
print*,'F0=',f0
write(2,*)'F0=',f0
R0=-F0/(F1-F0)
print*,'R0=',R0
CALL Dscalar_multiply_Aij(SDOT,SDOT2,R0)
print*,'sigma(1,1)=',sigma(1,1)
print*,'sdot(1,1)=',sdot(1,1)
print*,'sdot2(1,1)=',sdot2(1,1)
CALL DAij_plus_Bij(SIGMA,SDOT2,SIGMA2)
CALL DSDEVIATOR(SIGMA2,TAU2)
print*,'sigma(1,1)=',sigma(1,1)
print*,'sigma2(1,1)=',sigma2(1,1)
F2=FFYIELD(TAU2,ALPHA,ISO_CTRL,R_ISOTROPIC)
print*,'F2=',f2
write(2,*)'F2=',f2
CALL SFDER(TAU2,ALPHA)
CALL DAij_Bij(FS,DTAU2,DEN)
IF (DEN.EQ.ZERO) THEN
R=R0
GOTO 15
ENDIF
R1=-F2/DEN
R=R0+R1
print*, 'R1=',R1
write(2,*)'R1 =',R1
15
CONTINUE
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print*, 'R=',R
write(2,*)'R =',R
CALL Dscalar_multiply_Aij(SDOT,SDOT,R)
CALL DAij_plus_Bij(SIGMA,SDOT,SIGMA)
print*,'sdot(1,1)=',sdot(1,1)
print*,'sigma(1,1)=',sigma(1,1)
write(2,*)'sdot(1,1)=',sdot(1,1)
write(2,*)'sigma(1,1)=',sigma(1,1)
CALL DSDEVIATOR(SIGMA,TAU)
fInitial=FFYIELD(TAU,ALPHA,ISO_CTRL,R_ISOTROPIC)
print*,'finitial=',finitial
write(2,*)'finitial=',finitial
CALL Dscalar_multiply_Aij(EDOT,EDOTEL,R)
CALL VECTOR(ELEM_TYPE,EDOTEL,EDOTELV,TWO)
DO K1=1,IEND
STRELA(K1) = STRELA(K1) + EDOTELV(K1)
STRN(K1) = STRELA(K1)
END DO
INITIAL_CORRECTION=.FALSE.
K_CTRL=1
ENDIF
IF (K_CTRL.EQ.1) GOTO 20
C
C
C

CALCULATION OF THE PLASTIC MULTIPLIER [LAMBDADOT]
CALL SFDER(TAU0,ALPHA)
CQBARM=FCQBARM(TAU,ALPHA,KINEMATIC_CONST,ISO_CTRL)
LAMDOT=FLAMDOT(EDOT)*(ONE+BETA_CONST)/CQBARM
write(2,*)'LAMBDADOT = ',lamdot

C
C
C

CALCULATION OF THE ELASTIC AND PLASTIC STRAIN INCREMENTS
DO K2 = 1 , 3
DO K1 = 1 , 3
EDOTPL(K1 , K2) = LAMDOT*FS(K1 , K2)
EDOTEL(K1 , K2) = EDOT(K1 , K2) - EDOTPL(K1 , K2)
END DO
END DO
write(2,*)'plastic incr=',edotpl(1,1)
write(2,*)'elastic incr=',edotel(1,1)

C
C
RETURNIN TO THE YIELD SURFACE USING RADIAL RETURN
ALGORITHM
C
CALL DAijkl_Bkl(AD,EDOTEL,SDOT)
CALL DAij_plus_Bij(SIGMA,SDOT,SIGMA)
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print*,'sdot(1,1)=',sdot(1,1)
print*,'sigma(1,1)=',sigma(1,1)
write(2,*)'sdot_corr=',sdot(1,1)
write(2,*)'sigma_corr=',sigma(1,1)
CALL DSDEVIATOR(SIGMA,TAU)
fFinal0=FFYIELD(TAU,ALPHA,ISO_CTRL,R_ISOTROPIC)
print*,'FFinal0=',ffinal0
write(2,*) 'FFinal0=',ffinal0
C
C
C

CALCULATION OF THE BACKSTRESS TENSOR [ALPHA]
CALL DAij_Bij(FS,FS,PDOT)
PDOT=LAMDOT*DSQRT(TWO*PDOT/THREE)
CONST1=TWO*C_CONST/THREE
CALL Dscalar_multiply_Aij(FS,SUMA1,LAMDOT)
CALL Dscalar_multiply_Aij(SUMA1,SUMA1,CONST1)
CONST2=GAMA_CONST*PDOT
CALL Dscalar_multiply_Aij(ALPHA,SUMA2,CONST2)
CALL Dscalar_multiply_Aij(SDOT,SUMA3,BETA_CONST)
DO K1 = 1 , 3
DO K2 = 1 , 3
ALPHA(K1,K2)=ALPHA(K1,K2)+(SUMA1(K1,K2)-SUMA2(K1,K2)
.
-SUMA3(K1,K2))
END DO
END DO

C
C
CALCULATION OF <R> ISOTROPIC HARDENING FUNCTION
[R_ISOTROPIC]
C
CALL DAij_Bij(FS,FS,Q_CONST)
Q_CONST=HALF*LAMDOT*DSQRT(Q_CONST)
Q_ISOTROPIC=QM_CONST+(Q0_CONST-QM_CONST)*
.
DEXP(-TWO*MU_CONST*Q_CONST)
R_ISOTROPIC=R_ISOTROPIC+ISOTROPIC_CONST*
.
(Q_ISOTROPIC-R_ISOTROPIC)*PDOT
fFinal=FFYIELD(TAU,ALPHA,ISO_CTRL,R_ISOTROPIC)
print*,'FFinal=',ffinal
write(2,*)'Ffinal =',ffinal
C
C --- CALCULATION OF THE ELATIC, PLASTIC, AND TOTAL STRAINS
C
CALL VECTOR(ELEM_TYPE,EDOTEL,EDOTELV,TWO)
CALL VECTOR(ELEM_TYPE,EDOTPL,DEPLA,TWO)
DO K1 = 1 , IEND
STRELA( K1 ) = STRELA( K1 ) + EDOTELV( K1 )
STRPLA( K1 ) = STRPLA( K1 ) + DEPLA( K1 )
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STRN( K1 ) = STRELA( K1 ) + STRPLA( K1 )
END DO
write(2,*)'elastic_strn=',strela(1)
write(2,*)'plastic_strn=',strpla(1)
write(2,*)'total_strn=',strn(1)
20 CONTINUE
IYIELD = .TRUE.
END IF
C
DO K1 = 1 , IEND
STRAIN( K1 ) = STRN( K1 )
END DO
CALL VECTOR(ELEM_TYPE,SIGMA,STRS,ONE)
CALL VECTOR(ELEM_TYPE,SIGMA,STRESS,ONE)
CALL VECTOR(ELEM_TYPE,ALPHA,CENTER,ONE)
print*, 'YIELD=',Iyield
write(2,*)'Iyield =',Iyield
C
END
C
C ===========================================================
C ========================= A D M A T ========================
C ===========================================================
C
SUBROUTINE ADMAT(YOUNG,POISS)
C
C ===========================================================
CI
C I P R O G R A M:
CI
C I 'ADMAT' CALCULATES THE FOURTH ORDER ISOTROPIC ELASTIC
C I STIFFNESS TENSOR.
CI
C I A R G U M E N T L I S T:
CI
C I YOUNG = YOUNGS MODULUS
C I POISS = POISSONS RATIO
CI
C ===========================================================
C
IMPLICIT NONE
REAL*8 ALAM,AMUE,POISS,YOUNG,AD,ONE,TWO
COMMON/ADMAT1/AD(3,3,3,3)
C
DATA ONE,TWO / 1.0D0,2.0D0 /
C
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I
I
I
I
I
I
I
I
I
I
I

C --- ALAM = THE LAMDA LAME CONSTANT
C --- AMUE = THE MU LAME CONSTANT (THE SHEAR MODULUS G)
C
CALL DIARRAY(AD,3,3,3,3,0,0,0)
ALAM=POISS*YOUNG/((ONE+POISS)*(ONE-TWO*POISS))
AMUE = YOUNG/(TWO*(ONE + POISS))
AD(1 , 1 , 1 , 1) = ALAM + TWO*AMUE
AD(1 , 1 , 2 , 2) = ALAM
AD(1 , 1 , 3 , 3) = ALAM
AD(2 , 2 , 1 , 1) = ALAM
AD(2 , 2 , 2 , 2) = ALAM + TWO*AMUE
AD(2 , 2 , 3 , 3) = ALAM
AD(3 , 3 , 1 , 1) = ALAM
AD(3 , 3 , 2 , 2) = ALAM
AD(3 , 3 , 3 , 3) = ALAM + TWO*AMUE
AD(1 , 2 , 1 , 2) = AMUE
AD(2 , 1 , 2 , 1) = AMUE
AD(1 , 3 , 1 , 3) = AMUE
AD(3 , 1 , 3 , 1) = AMUE
AD(2 , 3 , 2 , 3) = AMUE
AD(3 , 2 , 3 , 2) = AMUE
AD(1 , 2 , 2 , 1) = AMUE
AD(2 , 1 , 1 , 2) = AMUE
AD(1 , 3 , 3 , 1) = AMUE
AD(3 , 1 , 1 , 3) = AMUE
AD(2 , 3 , 3 , 2) = AMUE
AD(3 , 2 , 2 , 3) = AMUE
C
END
C
C ===========================================================
C ========================= FUNCTION FFYIELD ================
C ===========================================================
C
C ===========================================================
CI
C I FUNCTION TO COMPUTE THE YIELD FUNCTION F.
C I THE ARRAYS TAU AND
C I ALPHA REPRESENT THE EFFECTIVE COMPONENTS OF EACH.
C I THE PROGRAMMED YIELD FUNCTION IS AN
C I EXTENDED FORM OF THE
C I VON MISES YIELD CRITERION WITHOUT DAMAGE EFFECTS.
CI
C I THE YIELD FUNCTION HAS THE FOLLOWING FORM.
CI
CI
F = (F1 + F2)**0.5 - SYIELD - ISO_CTRL*R_ISOTROPIC
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I
I
I
I
I
I
I
I
I
I
I

CI
I
C I F1 = 3/2*TAU*TAU
I
C I F2 = 3/2*(ALPHA*ALPHA - 2*TAU*ALPHA)
I
C I R_ISOTROPIC = ISORTROPIC HARDENING FUNCTION
I
C I ISO_CTRL = CONTROL PARAMETER FOR ISOTROPIC
I
C I HARDENING (0 OR 1)
I
C I TAU IS THE DEVIATORIC COMPONENT OF TOTAL STRESS
I
C I ALPHA
IS THE COMPONENT OF BACKSTRESS
I
C I SYIELD IS THE YIELD STRESS IN SIMPLE TENSION TEST
I
CI
I
C ============================================================
C
REAL*8 FUNCTION FFYIELD(TAU,ALPHA,ISO_CTRL,R_ISOTROPIC)
IMPLICIT NONE
INTEGER ISO_CTRL
REAL*8 SYIELD,F1,F2,R_ISOTROPIC,CONST1,CONST2
REAL*8 TAU(3,3),ALPHA(3,3),ZERO,HALF,ONEPFIVE,TWO
COMMON/XXX16/SYIELD
C
DATA ZERO,HALF,ONEPFIVE,TWO /0.0D0,0.5D0,1.5D0,2.0D0/
C
CALL DAij_Bij(TAU,TAU,F1)
F1=F1*ONEPFIVE
CALL DAij_Bij(ALPHA,ALPHA,CONST1)
CALL DAij_Bij(TAU,ALPHA,CONST2)
F2=ONEPFIVE*(CONST1-TWO*CONST2)
FFYIELD=(F1+F2)**HALF-SYIELD-ISO_CTRL*R_ISOTROPIC
C
END
C
C ============================================================
C ========================= SUBROUTINE SFDER ================
C ============================================================
C
SUBROUTINE SFDER(TAU,ALPHA)
C
C ============================================================
CI
I
C I THIS SUBROUTINE CALCULATES THE DERIVATIVE OF "F" WRT
I
C I <STRESS>
I
CI
I
C I TAU IS THE DEVIATORIC COMPONENT OF TOTAL STRESS
I
C I ALPHA
IS THE COMPONENT OF BACKSTRESS
I
C I ISOTROPIC_CONST = ISOTROPIC HARDENING PARAMETER
I
C I FS = PARTIAL DERIVATIVE OF F WRT <STRESS>
I
C I FA = PARTIAL DERIVATIVE OF F WRT <SHIFT TENSOR>
I
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C I FK = PARTIAL DERIVATIVE OF F WRT <ISOTROPIC HARDENING
I
C I FUNCTION>
I
CI
I
C ============================================================
C
IMPLICIT NONE
REAL*8 ZERO,ONE,ONEPFIVE,FS,FA,FK,ISOTROPIC_CONST,CONST
REAL*8 TAU(3,3),ALPHA(3,3),SUM12(3,3)
COMMON/FDER1/FS(3,3),FA(3,3),FK
C
DATA ZERO,ONE,ONEPFIVE/0.0D0,1.0D0,1.5D0/
C
C EVALUATE PARTIAL DERIVATIVES OF YIELD FUNCTION
C
CALL DAij_MINUS_Bij(TAU,ALPHA,SUM12)
CALL DAij_Bij(SUM12,SUM12,CONST)
CONST=ONEPFIVE/DSQRT(ONEPFIVE*CONST)
CALL DSCALAR_MULTIPLY_Aij(SUM12,FS,CONST)
CALL DSCALAR_MULTIPLY_Aij(FS,FA,-ONE)
FK=-ONE
C
END
C
C ============================================================
C ========================= FUNCTION FLAMDOT================
C ============================================================
C
C ============================================================
CI
I
C I FUNCTION FLAMDOT COMPUTES THE EXPRESSION
I
C I FOR LAMBDA DOT.
I
CI
I
C ============================================================
C
REAL*8 FUNCTION FLAMDOT(DT_EPSILON)
C
IMPLICIT NONE
REAL*8 DT_EPSILON(3,3),SUM12(3,3),AD,FS,FA,FK,TMP
COMMON/ADMAT1/AD(3,3,3,3)
COMMON/FDER1/FS(3,3),FA(3,3),FK
C
CALL DAijkl_Bkl(AD,DT_EPSILON,SUM12)
CALL DAij_Bij(FS,SUM12,TMP)
FLAMDOT=TMP
C
END
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C
C ============================================================
C ======================== FUNCTION FCQBARM =================
C ============================================================
C
C ============================================================
CI
I
C I FUNCTION FCQBARM COMPUTES THE CONSTANT EXPRESSION Qbar I
C I FOR THE MATRIX.
I
CI
I
C ============================================================
C
REAL*8 FUNCTION
FCQBARM(TAU,ALPHA,KINEMATIC_CONST,ISO_CTRL)
C
IMPLICIT NONE
INTEGER ISO_CTRL,INCREM,NIT
REAL*8 TAU(3,3),ALPHA(3,3),KINEMATIC_CONST
REAL*8 R_ISOTROPIC,Q_ISOTROPIC,ISOTROPIC_CONST,BETA_CONST,
.
C_CONST,GAMA_CONST
REAL*8 SUMA,SUMB,SUMC,SUMD,SUM1,SUM2(3,3),FS,FA,FK,AD
REAL*8 ZERO,ONE,TWO,THREE
COMMON/ADMAT1/AD(3,3,3,3)
COMMON/FDER1/FS(3,3),FA(3,3),FK
COMMON/MAT_CONST/BETA_CONST,C_CONST,GAMA_CONST,Q_ISOTROPI
C,
.
R_ISOTROPIC,ISOTROPIC_CONST
C
DATA ZERO,ONE,TWO,THREE /0.0D0,1.0D0,2.0D0,3.0D0/
C
CALL DAij_Bij(FS,FS,SUM1)
C
CALL DAijkl_Bkl(AD,FS,SUM2)
CALL DAij_Bij(SUM2,FS,SUMA)
SUMA=SUMA*(ONE+BETA_CONST)
C
SUMB=(TWO/THREE)*C_CONST*SUM1
C
CALL DAij_Bij(ALPHA,FS,SUMC)
SUMC=GAMA_CONST*SUMC*DSQRT(TWO*SUM1/THREE)
C
SUMD=ZERO
IF (ISO_CTRL.EQ.1) THEN
SUMD=ISOTROPIC_CONST*(Q_ISOTROPIC-R_ISOTROPIC)*
.
DSQRT(TWO*SUM1/THREE)
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SUMD=FK*SUMD
ENDIF
C
FCQBARM=SUMA+SUMB-SUMC-SUMD
C
END
C============================================================
C=========================== SUBROUTINE SDEPMM =============
C============================================================
C
SUBROUTINE SDEPMM(CQBARM,BETA_CONST)
C
C ============================================================
CI
I
C I SUBROUTINE SDEPMM COMPUTES THE ELASTO-PLASTIC STIFFNESS I
C I MATRIX
I
C I FOR THE MATRIX MATERIAL. THE COMPUTATION IS BASED ON A
I
C I YIELD
I
C I FUNCTION THAT CAN HAVE KINEMATIC HARDENING AND/OR
I
C I ISOTROPIC
I
C I HARDENING.
I
CI
I
C ============================================================
C
IMPLICIT NONE
REAL*8 CQBARM,AD,FS,FA,FK,SUM14(3,3,3,3),SUM12(3,3),SUM22(3,3)
REAL*8 DEPM,ONE,BETA_CONST,CONST
COMMON/ADMAT1/AD(3,3,3,3)
COMMON/FDER1/FS(3,3),FA(3,3),FK
COMMON/ELPLD1/DEPM(3,3,3,3)
DATA ONE/1.0D0/
C
CALL DAijkl_Bkl(AD,FS,SUM12)
CALL DAijkl_Bij(AD,FS,SUM22)
CALL DAij_Bkl(SUM22,SUM12,SUM14)
CONST=(ONE+BETA_CONST)/CQBARM
CALL Dscalar_multiply_Aijkl(SUM14,SUM14,CONST)
CALL DAijkl_MINUS_Bijkl(AD,SUM14,DEPM)
C
END
C
C ===========================================================
CI
I
C I INVERSION OF A MATRIX [A(N,N)].
I
C I N = SIZE OF THE MATRIX
I
C I A = ORGINAL MATRIX
I
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C I AINV = INVERSE OF MATRIX A
I
CI
I
C ============================================================
C
SUBROUTINE DINV(A,N,AINV)
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION A(N,N),AINV(N,N)
COMMON/IN_IO/I_OUT,I_IN
DET=1.D0
DO 1 I=1,N
DO 1 J=1,N
IF(I.EQ.J)THEN
AINV(I,I)=1.D0
ELSE
AINV(I,J)=0.D0
ENDIF
1
CONTINUE
C
DO 9 IPASS=1,N
IMX=IPASS
DO 2 IROW=IPASS,N
IF(ABS(A(IROW,IPASS)).GT.ABS(A(IMX,IPASS)))THEN
IMX=IROW
ENDIF
2
CONTINUE
C
IF(IMX.NE.IPASS)THEN
DO 3 ICOL=1,N
TEMP=AINV(IPASS,ICOL)
AINV(IPASS,ICOL)=AINV(IMX,ICOL)
AINV(IMX,ICOL)=TEMP
IF(ICOL.GE.IPASS)THEN
TEMP=A(IPASS,ICOL)
A(IPASS,ICOL)=A(IMX,ICOL)
A(IMX,ICOL)=TEMP
ENDIF
3
CONTINUE
ENDIF
C
PIVOT=A(IPASS,IPASS)
DET=DET*PIVOT
IF(DET.EQ.0)THEN
WRITE(I_OUT,10)
STOP ' DET .EQ. 0 '
ENDIF
C
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6

DO 6 ICOL=1,N
AINV(IPASS,ICOL)=AINV(IPASS,ICOL)/PIVOT
IF(ICOL.GE.IPASS)THEN
A(IPASS,ICOL)=A(IPASS,ICOL)/PIVOT
ENDIF
CONTINUE

DO 8 IROW = 1,N
IF(IROW.NE.IPASS)THEN
FACTOR=A(IROW,IPASS)
ENDIF
DO 7 ICOL=1,N
IF(IROW.NE.IPASS)THEN
AINV(IROW,ICOL)=AINV(IROW,ICOL)-FACTOR*AINV(IPASS,ICOL)
A(IROW,ICOL)=A(IROW,ICOL)-FACTOR*A(IPASS,ICOL)
ENDIF
7 CONTINUE
8
CONTINUE
9
CONTINUE
RETURN
10
FORMAT(5X,'===>>> ERROR IN ELASTICITY INVERSION',
.
'THE PROGRAM TERMINATED')
END
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A.2 Subroutine to Calculate Matrices
C
C ============================================================
C ========================= T E N S O R =========================
C ============================================================
C
SUBROUTINE TENSOR(ELEM_TYPE,VECT,TENS,FACT)
C
C =============================================================
CI
I
C I THIS PROGRAM CALCULATES MATRICES WHICH ARE COMMON IN
I
C I MOST OF THE SUBROUTINES THAT CONSTITUTE THE PLASTICITY
I
C I FORMULATIONS.
I
CI
I
CI
VECT( I ) = VECTOR TO BE CONVERTED TO A TENSOR
I
CI
TENS(I , J) = TENSOR EQUIVALENT OF VECT(I)
I
CI
I
C =============================================================
C
IMPLICIT NONE
REAL*8 VECT(6),TENS(3,3),FACT
INTEGER ELEM_TYPE
C
CALL DIARRAY(TENS,3,3,0,0,0,0,0)
TENS(1 , 1) = VECT( 1 )
TENS(2 , 2) = VECT( 2 )
IF (ELEM_TYPE.LT.300) THEN
TENS(3 , 3) = VECT( 4 )
TENS(1 , 2) = VECT( 3 )*FACT
TENS(2 , 1) = TENS(1 , 2)
ELSE
TENS(3 , 3) = VECT( 3 )
TENS(1 , 2) = VECT( 4 )*FACT
TENS(2 , 1) = TENS(1 , 2)
TENS(1 , 3) = VECT( 6 )*FACT
TENS(3 , 1) = TENS(1 , 3)
TENS(2 , 3) = VECT( 5 )*FACT
TENS(3 , 2) = TENS(2 , 3)
END IF
C
END
C
C ============================================================
C ========================= V E C T O R ========================
C ============================================================
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C
SUBROUTINE VECTOR(ELEM_TYPE,TENS,VECT,FACT)
C
C ============================================================
CI
I
C I THIS PROGRAM CALCULATES MATRICES WHICH ARE COMMON IN
I
C I MOST OF THE SUBROUTINES THAT CONSTITUTE THE PLASTICITY I
C I FORMULATIONS.
I
CI
I
CI
TENS(I , J) = TENSOR TO BE CONVERTED TO A VECTOR
I
CI
VECT( I ) = VECTOR EQUIVALENT OT TENS(I , J)
I
CI
I
C =============================================================
C
IMPLICIT NONE
REAL*8 VECT(6),TENS(3,3),FACT
INTEGER ELEM_TYPE
C
CALL DIARRAY(VECT,6,0,0,0,0,0,0)
VECT( 1 ) = TENS(1 , 1)
VECT( 2 ) = TENS(2 , 2)
IF (ELEM_TYPE.LT.300) THEN
VECT( 4 ) = TENS(3 , 3)
VECT( 3 ) = TENS(1 , 2)*FACT
ELSE
VECT( 3 ) = TENS(3 , 3)
VECT( 4 ) = TENS(1 , 2)*FACT
VECT( 6 ) = TENS(1 , 3)*FACT
VECT( 5 ) = TENS(2 , 3)*FACT
END IF
C
END
C
C =============================================================
C ========================= C O N V E R =========================
C =============================================================
C
SUBROUTINE CONVER(D4,D2,STRS_STRN_REL,ELEM_TYPE)
C
C =============================================================
CI
I
CI
THIS PROGRAM TRANSFORMS THE FOURTH ORDER STIFFNESS
I
CI
TENSOR TO A SECOND ORDER MATRIX
I
CI
I
C =============================================================
C
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IMPLICIT NONE
INTEGER STRS_STRN_REL,PLANE_STRESS
PARAMETER (PLANE_STRESS=1)
INTEGER ELEM_TYPE,K1
REAL*8 D4(3,3,3,3),D2(6,6),CST1,CST2,CST3,ZERO,TWO
C
DATA ZERO,TWO /0.0D0,2.0D0/
C
C
C

D2 = THE SECOND ORDER STIFFNESS MATRIX
CALL DIARRAY(D2,6,6,0,0,0,0,0)
IF (ELEM_TYPE.LT.300) THEN
D2(1,1) = D4(1,1,1,1)
D2(1,2) = D4(1,1,2,2)
D2(1,3) = D4(1,1,1,2)
D2(1,4) = D4(1,1,3,3)
D2(2,1) = D4(2,2,1,1)
D2(2,2) = D4(2,2,2,2)
D2(2,3) = D4(2,2,1,2)
D2(2,4) = D4(2,2,3,3)
D2(3,1) = D4(1,2,1,1)
D2(3,2) = D4(1,2,2,2)
D2(3,3) = D4(1,2,1,2)
D2(3,4) = D4(1,2,3,3)
D2(4,1) = D4(3,3,1,1)
D2(4,2) = D4(3,3,2,2)
D2(4,3) = D4(3,3,1,2)
D2(4,4) = D4(3,3,3,3)
IF(STRS_STRN_REL.NE.PLANE_STRESS) RETURN
CST1 = D4(3,3,1,1)/D4(3,3,3,3)
CST2 = D4(3,3,2,2)/D4(3,3,3,3)
CST3 = (D4(3,3,1,2)+D4(3,3,2,1))/D4(3,3,3,3)/TWO
D2(1,1) = D2(1,1)-CST1*D4(1,1,3,3)
D2(1,2) = D2(1,2)-CST2*D4(1,1,3,3)
D2(1,3) = D2(1,3)-CST3*D4(1,1,3,3)
D2(2,1) = D2(2,1)-CST1*D4(2,2,3,3)
D2(2,2) = D2(2,2)-CST2*D4(2,2,3,3)
D2(2,3) = D2(2,3)-CST3*D4(2,2,3,3)
D2(3,1) = D2(3,1)-CST1*D4(1,2,3,3)
D2(3,2) = D2(3,2)-CST2*D4(1,2,3,3)
D2(3,3) = D2(3,3)-CST3*D4(1,2,3,3)
DO K1=1,4
D2(4,K1)=ZERO
D2(K1,4)=ZERO
END DO
ELSE
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CALL DTENSOR_TO_MATRIX_FULL(D4,D2)
END IF
C
END
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A.3 Subroutine to Check Convergence
C
C ============================================================
C =========================== C H E C K =========================
C ============================================================
C
SUBROUTINE CHECK(STRS1,STRN1,MDF,ITEST,I_OUT)
IMPLICIT NONE
INTEGER DIVER_STOP,HALF
INTEGER INCREM,ITEST,I_OUT,K,MDF,NDIVER,NIT
REAL*8 STRS,STRN,CONV_FAC,ZERO,ENRG,ENRG1,STRS1(6),STRN1(6)
REAL*8 UP,UP1
COMMON/CONTR1/INCREM,NIT
COMMON/ELSTR1/STRN(6)
COMMON/ELSTR2/STRS(6)
COMMON/INPUTB/CONV_FAC,ENRG1,NDIVER,DIVER_STOP
C
DATA ZERO,HALF /0.0D0,0.5D0/
C
C
ITEST = 0; NO CONVERGANCE
C
= 1; CONVERGANCE
C
= 2; TERMINATE PROGRAM DUE TO EXCEEDING THE ALLOWED
C
NUMBER OF DIVERGING ITERATIONS
C
ITEST = 0
ENRG = ZERO
C
C
CALCULATE THE INCREMENT OF THE INTERNAL ENEGRY DUE TO
THE
C
OUT OF BALANCE STRESSES.
C
UP = 0.0
UP1 = 0.0
DO K = 1 , MDF
UP=UP+0.5*(STRS(K)*STRN(K))
UP1=UP1+0.5*(STRS1(K)*STRN1(K))
END DO
ENRG = UP-UP1
CD
do k=1,mdf
write(2,1)strs(k), strn(k),strs1(k),strn1(k)
enddo
1 format(4(E12.5,3x))
write(2,*) 'Up =',up,' Up1 =',up1
write(2,*) 'enrg=',enrg,' enrg1=',enrg1
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CD
IF (NIT.EQ.1.OR.ENRG1.EQ.ZERO) THEN
ENRG1 = ENRG
ELSE
IF (DABS(ENRG).GT.DABS(ENRG1)) THEN
NDIVER = NDIVER + 1
WRITE(I_OUT , 100)INCREM,NIT
IF (NDIVER.GE.DIVER_STOP) THEN
WRITE(I_OUT , 200)
ITEST = 2
PRINT*,'>>>>>>> PROGRAM TERMINATED DO TO EXEEDING '
.
//'THE ALLOWABLE NUMBER OF DIVERGING '//
.
'ITERATIONS'
END IF
ELSE IF(DABS(ENRG).LE.CONV_FAC) THEN
ITEST = 1
NDIVER = 0
END IF
ENDIF
write(2,*)'Itest=',itest
100 FORMAT(/1X,'>>>>>>> DIVERGANCE DETECTED',
. ' AT LOAD INCREMENT ',I4,' ITERATION NO. ',I4)
200 FORMAT(/1X,'>>>>>>> PROGRAM TERMINATED DO TO EXEEDING THE
'/
. 9X,'ALLOWABLE NUMBER OF DIVERGING ITERATIONS')
C
END
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A.4 Subroutine to Print the Output
C ============================================================
C ====================== O U T P U T ===========================
C ============================================================
C
SUBROUTINE OUTPUT(I_OUT,ELEM_TYPE,MATNUM,STRS_STRN_REL)
IMPLICIT NONE
INTEGER MAT_ELAS,MAT_PLAS,MAT_ELAS_DAM,MAT_PLAS_DAM
INTEGER STRS_STRN_REL,AXISYMMETRIC,MAX_MAT_TYPE
PARAMETER (AXISYMMETRIC=3)
PARAMETER (MAX_MAT_TYPE=10)
PARAMETER
(MAT_ELAS=1,MAT_PLAS=2,MAT_ELAS_DAM=3,MAT_PLAS_DAM=4)
INTEGER ELEM_TYPE,IA,IEND,IF1,IF2,IFOR,IFOR1
INTEGER I_OUT,K1,K2,K3,MATNUM,MATYPE
REAL*8 STRESS,STRAIN,STRPLA,STRELA,STRN
COMMON/ELSTR1/STRN(6)
COMMON/INPUTF/MATYPE(MAX_MAT_TYPE)
COMMON/OUT1/STRESS(6),STRAIN(6),STRELA(6),STRPLA(6)
open (20,file='stress_str.out',status='unknown') !20
open (22,file='stress_estr.out',status='unknown') !20
open (24,file='stress_pstr.out',status='unknown') !20
C
IF (ELEM_TYPE.GT.300) THEN
ASSIGN 3001 TO IFOR
ASSIGN 3101 TO IFOR1
IF (MATYPE( MATNUM ).EQ.MAT_PLAS) THEN
ASSIGN 3102 TO IF1
ELSE
ASSIGN 3002 TO IF1
END IF
ASSIGN 3003 TO IF2
IEND = 6
ELSE IF(STRS_STRN_REL.EQ.AXISYMMETRIC) THEN
ASSIGN 2001 TO IFOR
ASSIGN 2101 TO IFOR1
IF (MATYPE( MATNUM ).EQ.MAT_PLAS) THEN
ASSIGN 2104 TO IF1
ELSE
ASSIGN 2004 TO IF1
END IF
ASSIGN 2005 TO IF2
IEND = 4
ELSE
ASSIGN 2001 TO IFOR
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ASSIGN 2101 TO IFOR1
IF (MATYPE( MATNUM ).EQ.MAT_PLAS) THEN
ASSIGN 2102 TO IF1
ELSE
ASSIGN 2002 TO IF1
END IF
ASSIGN 2003 TO IF2
IEND = 4
END IF
WRITE(I_OUT , IF1)
WRITE(I_OUT , IFOR) (STRN(K1),K1=1,IEND)
IF (MATYPE(MATNUM).EQ.MAT_PLAS) THEN
WRITE(I_OUT ,IFOR1) (STRELA(K1),K1=1,IEND)
WRITE(I_OUT ,IFOR1) (STRPLA(K1),K1=1,IEND)
END IF
WRITE(I_OUT , IF2)
WRITE(I_OUT , IFOR) (STRESS(K1),K1=1,IEND)
C
WRITE(20 , 4001)
!20
write(20,3111) (STRN(K1),K1=1,IEND),(STRESS(K1),K1=1,IEND) !20
C
WRITE(22 , 4002)
!20
write(22,3111) (STRELA(K1),K1=1,IEND),(STRESS(K1),K1=1,IEND) !20
C
WRITE(24 , 4003)
!20
write(24,3111) (STRPLA(K1),K1=1,IEND),(STRESS(K1),K1=1,IEND) !20
2001 FORMAT(6G14.5)
2101 FORMAT(4G14.5)
2002 FORMAT(50X,'STRAIN COMPONENTS'/4X,'EXX',11X,'EYY',11X,
.'EXY',11X,'EZZ')
2102 FORMAT(70X,'STRAIN COMPONENTS'/4X,' TOTAL_X ',3X,
.' TOTAL_Y ',3X,' TOTAL_XY ',2X,' TOTAL_Z '/
.4X,' ELAST_X',6X,' ELAST_Y',6X,' ELAST_XY',5X,' ELAST_Z'/
.4X,' PLAST_X',6X,' PLAST_Y',6X,' PLAST_XY',5X,' PLAST_Z')
2003 FORMAT(70X,'STRESS COMPONENTS'/4X,'SXX',11X,'SYY',11X,'SXY'
.,11X,'SZZ')
2004 FORMAT(50X,'STRAIN COMPONENTS'/4X,'ER ',11X,'EY ',11X,'ERY'
.,11X,'ET ')
2104 FORMAT(70X,'STRAIN COMPONENTS'/4X,' TOTAL_R ',3X,
.' TOTAL_Y ',3X,' TOTAL_RY ',2X,' TOTAL_T '/
.4X,' ELAST_R',6X,' ELAST_Y',6X,' ELAST_RY',5X,' ELAST_T'/
.4X,' PLAST_R',6X,' PLAST_Y',6X,' PLAST_RY',5X,' PLAST_T')
2005 FORMAT(50X,'STRESS COMPONENTS'/4X,'SR ',11X,'SY ',11X,'SRY'
.,11X,'ST ')
3001 FORMAT(6G14.5)
3111 FORMAT(6G14.5,3X,6G14.5)
3101 FORMAT(6G14.5)
3002 FORMAT(50X,'STRAIN COMPONENTS'/4X,'EXX',11X,'EYY',11X,'EZZ'
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.,11X,'EXY',11X,'EYZ',11X,'EXZ')
3102 FORMAT(50X,'STRAIN COMPONENTS'/4X,' TOTAL_X ',3X,
.' TOTAL_Y ',3X,' TOTAL_Z ',2X,
.' TOTAL_XY ',2X,' TOTAL_YZ ',2X,' TOTAL_XZ '/
.4X,' ELAST_X',6X,' ELAST_Y',6X,' ELAST_Z',5X,' ELAST_XY',5X,
.' ELAST_YZ',5X,' ELAST_XZ'/
.4X,' PLAST_X',6X,' PLAST_Y',6X,' PLAST_Z',5X,' PLAST_XY',5X,
.' PLAST_YZ',5X,' PLAST_XZ')
3003 FORMAT(50X,'STRESS COMPONENTS'/4X,'SXX',11X,'SYY',11X,'SZZ',11X,
.'SXY',11X,'SYZ',11X,'SXZ')
4001 FORMAT(70X,'STRAIN COMPONENTS'/4X,' TOTAL_X ',3X,
.' TOTAL_Y ',3X,' TOTAL_XY ',2X,' TOTAL_Z '/)
4002 FORMAT(70X,'ELASTIC STRAIN COMPONENTS'/,
.4X,' ELAST_X',6X,' ELAST_Y',6X,' ELAST_XY',5X,' ELAST_Z'/)
4003 FORMAT(70X,'PLASTIC STRAIN COMPONENTS'/4X,
.4X,' PLAST_X',6X,' PLAST_Y',6X,' PLAST_XY',5X,' PLAST_Z')
RETURN
END
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